
1V. Light amplification & Spontaneous emission

Lasers are based on spontaneous emission and light amplification, which are kinds of quantum 

phenomenon. This chapter quantum-mechanically describes light amplification. 

Energy level of a material system

atomic
nucleus

electron

A matter is composed of atoms, and an atom is composed of a nucleus and electrons.

distant orbit: The potential energy is high.

close orbit: The potential energy is low.

 iii EH  ||ˆ

energy eigenvalue (discrete)

eigenstate corresponding to an electron orbit.

Possible orbits of electrons are discrete.

The energy of an atom is discrete.

In quantum-mechanical terms, eigenvalues of the energy operator of an atom are discrete.

high energy state

low energy state

(schematic image of energy states)
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(representing each atom)
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When lightwave is injected into a matter system under the condition of the photon energy being equal 

to the energy difference between two energy-levels, as illustrated below, interaction (or energy 

exchange) between light and the matter efficiently occurs.

Transition from a low energy level to a high energy level light absorption

a high energy level to a low energy level light emission

Interaction between light and a matter

ℏw
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There are two approaches to describe the above light-atom interaction;

Semi-classical theory: an atom is quantum, and light is classical.

Full-quantum theory: an atom and light are both quantum.

The semi-classical theory is convenient to intuitively understand the resonant interaction.

The full-quantum theory exactly describes the interaction, from which spontaneous emission is derived. 

Semi-classical theory and full-quantum theory

Behavior of an atom is the main concern in the semi-classical theory

The atom’s state changes while interacting with light.

In quantum mechanics, the state evolution is described by Schrödinger equation.

We will see how an atom temporally evolves through the interaction, using Schrödinger equation.

Schrödinger equation:

Ĥ : energy operator of an atom (Hamiltonian)

 )(| t : quantum state of an atom

First, we express the atom’s state as a superposition of the atom’s energy eigenstates:

probability amplitude possibly varying through the interaction

 


j
j

tiE
j

jetct |)()(|
/ 

phase evolution without the interaction (Chap. 2)

0
ˆ | |j j jH E  

where |j> is an eigenstate of the energy operator of the atom      .0Ĥ

(Ej : energy eigenvalue)

The total energy operator, when the atom interacts with light, includes the interaction energy operator 

in addition.
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j int


j

jrD

We assume the dipole interaction, whose classical energy is 

int0
ˆˆˆ HHH 

is the energy operator for the atom-light interaction, which is derived below.intĤ

＋

－light field E

polarization P


j

jreP

e: electron charge

rj: position of the j-th electron

𝑖ℏ
𝑑

𝑑𝑡
|Ψ 𝑡 >= ෡𝐻|Ψ 𝑡 >

The interaction energy operator is obtained by replacing D with an operator, while the light is classical 

in the semi-classical theory.

)(ˆˆ *
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3The atom’s behavior follows Schrödinger equation: 

Take the inner product with k|

 jkkj DD  |ˆ|

Resonant transition

The above simultaneous equations cannot be exactly solved.

Here, an approximate approach is employed to solve them, where cj in the right-hand side is assumed to 

be constant in a short time.

Here, we assume that the atom is initially at one of the eigenstate |i>, not a superposition state.

1
)0(
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0
)0(

jc for j ≠ i

Then, the above equation can be solved as

This expression indicates that            is large when wki ± w ≈ 0. )(tck

𝑖ℏ
𝑑

𝑑𝑡
෍

𝑗

𝑐𝑗(𝑡)𝑒
− Τ𝑖𝐸𝑗𝑡 ℏ|𝜙𝑗 > = (෡𝐻0 + ෡𝐻int)෍

𝑗

𝑐𝑗(𝑡)𝑒
− Τ𝑖𝐸𝑗𝑡 ℏ|𝜙𝑗 >

𝑖ℏ෍

𝑗

ቆ
𝑑𝑐𝑗

𝑑𝑡
− 𝑖

𝐸𝑗

ℏ
)𝑒− Τ𝑖𝐸𝑗𝑡 ℏ|𝜙𝑗 > =෍

𝑗

𝑐𝑗𝑒
− Τ𝑖𝐸𝑗𝑡 ℏ𝐸𝑗|𝜙𝑗 > +෡𝐻int𝑐𝑗𝑒

− Τ𝑖𝐸𝑗𝑡 ℏ|𝜙𝑗 >

𝑖ℏ෍

𝑗

𝑑𝑐𝑗

𝑑𝑡
𝑒− Τ𝑖𝐸𝑗𝑡 ℏ|𝜙𝑗 > =෍

𝑗

෡𝐻int𝑐𝑗𝑒
− Τ𝑖𝐸𝑗𝑡 ℏ|𝜙𝑗 >

𝑖ℏ
𝑑𝑐𝑘
𝑑𝑡

𝑒− Τ𝑖𝐸𝑘𝑡 ℏ =෍

𝑗

𝑐𝑗𝑒
− Τ𝑖𝐸𝑗𝑡 ℏ < 𝜙𝑘| ෡𝐻int|𝜙𝑗 > 𝜔𝑘𝑗 ≡

𝐸𝑘 − 𝐸𝑗

ℏ

𝑑𝑐𝑘
𝑑𝑡

= −
𝑖

ℏ
෍

𝑗

𝑐𝑗 < 𝜙𝑘| ෡𝐻int|𝜙𝑗 > 𝑒𝑖𝜔𝑘𝑗𝑡

= −
𝑖

ℏ
𝑒(𝐸0𝑒

−𝑖𝜔𝑡 + 𝐸0
∗𝑒𝑖𝜔𝑡)෍

𝑗

𝑐𝑗𝐷𝑘𝑗𝑒
𝑖𝜔𝑘𝑗𝑡

𝑑𝑐𝑘
𝑑𝑡

= −
𝑖

ℏ
𝑒(𝐸0𝑒

−𝑖𝜔𝑡 + 𝐸0
∗𝑒𝑖𝜔𝑡)෍

𝑗

𝑐𝑗(0)𝐷𝑘𝑗𝑒
𝑖𝜔𝑘𝑗𝑡

𝑑𝑐𝑘

𝑑𝑡
= −𝑖

𝑒

ℏ
𝐷𝑘𝑖(𝐸0𝑒

−𝑖𝜔𝑡 + 𝐸0
∗𝑒𝑖𝜔𝑡)𝑒𝑖𝜔𝑘𝑖𝑡 = −𝑖

𝑒

ℏ
𝐷𝑘𝑖{𝐸0𝑒

𝑖(𝜔𝑘𝑖−𝜔)𝑡 + 𝐸0
∗𝑒𝑖(𝜔𝑘𝑖+𝜔)𝑡}

𝑐𝑘(𝑡) = −
𝑒

ℏ
𝐷𝑘𝑖{𝐸0

𝑒𝑖 𝜔𝑘𝑖−𝜔 𝑡−1

𝜔𝑘𝑖−𝜔
+ 𝐸0

∗ 𝑒
𝑖(𝜔𝑘𝑖+𝜔)𝑡−1

𝜔𝑘𝑖+𝜔
}

(1) The first term is large when wki ≈ w
𝐸𝑘 − 𝐸𝑖

ℏ
= 𝜔 𝐸𝑘 = 𝐸𝑖 + ℏ𝜔

The atom transits from the initial state to a higher energy state with an energy difference of ℏw, 

which equals to the photon energy of the incident light. 

We are now considering a closed system. Thus, the energy that the atom obtains should comes 

from somewhere because of the energy conservation. The candidate is the light, which is 

reasonable since the energy lost by the atom equals to the photon energy.
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The atom transits from the initial state to a lower energy state with an energy difference of ℏw, 

which equals to the photon energy of the incident light. 

This consideration suggests that the atom transits from the initial state to a lower energy state 

while the lost energy turns to be a photon (maybe).

w

|i>

w

(2) The second term is large when -wki ≈ w

Resonant process: Interaction occurs most efficiently when the photon energy is coincident 

with an energy difference of an atom. 

The probability of the state transition is estimated as follows.

First, we assume wki ≈ -w. Then, (first term) << (second term)

The probability of the state being at the k-th energy state at time t is

which is equivalent to the transition probability from the i-th state to the k-th state.

This consideration suggests that the transition probability is proportional to the light intensity.

(i.e., emission)

|k>

|i>

|k>

−
𝐸𝑘 − 𝐸𝑖

ℏ
= 𝜔 𝐸𝑘 = 𝐸𝑖 − ℏ𝜔

𝑐𝑘(𝑡) = −
𝑒

ℏ
𝐷𝑘𝑖𝐸0

𝑒𝑖(𝜔𝑘𝑖+𝜔)𝑡 − 1

𝜔𝑘𝑖 + 𝜔

|𝑐𝑘|
2 =

𝑒2

ℏ2
|𝐷𝑘𝑖|

2|𝐸0|
2
sin2 Τ𝜔𝑘𝑖 + 𝜔 Τ𝑡 2 4

(𝜔𝑘𝑖+𝜔)2

Consideration similar to case (1) suggests that the atom transits from the initial state to a lower 

energy state, giving the energy from a photon (maybe).

In summary,

- Transition occurs efficiently between energy states whose energy difference equals to the photon 

energy.

An atom transits from an upper energy state to a lower one light emission (maybe)

a lower energy state to an upper one light absorption (maybe)

- The transition probability is proportional to the light intensity

(no transition when no light  no spontaneous transition)

- The transition probability from the upper to the lower and that from the lower to the upper are equal.



5Full quantum theory

The previous section suggests the resonant interaction, i.e., an atom and light efficiently interact with 

each other when the photon energy equals to an energy difference of the atom system. 

However, there are some unclear issues:

- Photon emission and absorption are suggested by a circumstantial evidence, not by direct derivation.

- Spontaneous emission is not derived.

- Other information related to light amplification are missed, such as

light amplitude, amplitude fluctuation, photon number fluctuation

In order to fully understand light amplification, we need the full-quantum theory, which is presented in 

this section. 

First, the light is quantized as well as atoms in the energy operator.

Based on the semi-classical theory, the interaction energy operator can be expressed as:

||ˆ 21  

||ˆ 12  †

(The subscript j represents the j-th atom.)

( k: constant representing interaction efficiency)

where

: the atom’s transition operator from the upper state |2> to the lower one |1> 

: the atom’s transition operator from the lower state |1> to the upper one |2> 

|2>

|1>

aj ˆˆ† †aj ˆ̂
A photon is emitted.

An atom is relaxed.

|2>

|1>

A photon is absorbed.

An atom is excited.

෡𝐻int = 𝑖ℏ𝜅෍

𝑗

( ො𝜋𝑗
† ො𝑎 − ො𝜋𝑗 ො𝑎

†)

Heisenberg picture: a time-dependent operator is derived first, and then its expectation 

value with respect to an initial state is evaluated. 

Hereafter, we employ the Heisenberg picture.

)(ˆ
H tA : time-dependent Heisenberg operator

< Ψ 𝑡 | መ𝐴|Ψ 𝑡 >=< Ψ 0 |𝑒( Τ𝑖 ℏ) ෡𝐻𝑡 መ𝐴𝑒−( Τ𝑖 ℏ) ෡𝐻𝑡|Ψ 0 >

follows Heisenberg equation of motion：)(ˆ
H tA

Ĥ : Hamiltonian (energy operator)

The energy in the present system is composed of the original energies and the interaction energy:

(light) (atoms) (interaction)

𝑑

𝑑𝑡
መ𝐴H 𝑡 =

𝑖

ℏ
෡𝐻, መ𝐴H 𝑡 =

𝑖

ℏ
( ෡𝐻 መ𝐴H − መ𝐴H ෡𝐻)

෡𝐻 = ℏ𝜔ො𝑎† ො𝑎 +෍

𝑗

𝐸𝑗 ො𝜋𝑗
† ො𝜋𝑗 + 𝑖ℏ𝜅෍

𝑗

( ො𝜋𝑗
† ො𝑎 − ො𝜋𝑗 ො𝑎

†)

(ℏw/2 is neglected because it does not matter here.)
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 2211 |||  cc  |11 c

 1
*
1 |c||| 2

*
21

*
1   cc

1| 


j

jjjE  ˆˆ†About

An atom state is a superposition of |1> and |2>.

A quantum state is normalized.

ijji   |
 |22 c

 2
*
2 |c

 2211 ||||| 

||||| 2211  

   1|||||||| 22112211  

1|||| 2211  

1 (identity operator)

  1|||||| 2211  

a
ˆ | |k k kH E  

Applying the identity operators to the energy operator. 













 












 












 












 
 2,12,1'

''
2,1

a
2,1'

''a ||||||ˆ||ˆ

k
kkk

k
kk

k
kk

k
kk EHH 

|||| 222111   EE

We regard E1 as a reference of the energy level, and assume E1 = 0. 

 ˆˆ|||||ˆ
211222a

†EEEH  E = E2 - E1

An ensemble of atoms: 
j

jjjE  ˆˆ† where Ej ≡ E for jth atom 

Heisenberg equation for light:

1]ˆ,ˆ[ †aa

aaaaaaaaaaaaaaaa ˆˆ)1ˆˆ(ˆˆˆˆˆˆˆˆˆ]ˆ,ˆˆ[  †††††

  
j

jjjj
j

jj aaaaaaaaa )}ˆˆˆˆ(ˆˆ)ˆˆˆˆ{(]ˆ),ˆˆˆˆ[( †††††† 

  
j

jj
j

jjjj aaaaaaaaaaaa }ˆˆˆˆˆˆ{)}ˆˆˆˆˆˆ()ˆˆˆˆˆˆ{( †††††† 

 
j

j
j

j aaaa  ˆ)ˆˆˆˆ(ˆ ††

† † †ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ] {[ , ] [ , ] [( ), ]}j j j j j j

j j j

da i i
H a a a a E a i a a a i a

dt
w   k   w k          †



7Heisenberg equation for an atom:

jj
k

kkjjkkk
k

jkkk EEE  ˆ)ˆˆˆˆˆˆ(]ˆ,ˆˆ[  
†††

0|21|21|12|ˆˆˆ †

 ˆ|21||21|12|21|ˆˆˆ †

  
k

kkjjkk
k

jkk aaaaaa )}ˆˆˆˆ(ˆˆ)ˆˆˆˆ{(]ˆ),ˆˆˆˆ[( †††††† 

aaaaa jjjj
k

kjkjjkjk ˆ)ˆˆˆˆ()}ˆˆˆˆˆˆ()ˆˆˆˆˆˆ{( ††††††   

𝑑 ො𝜋𝑗

𝑑𝑡
=
𝑖

ℏ
෡𝐻, ො𝜋𝑗 = −

𝑖

ℏ
𝐸𝑗 ො𝜋𝑗 − 𝜅(ො𝜋𝑗

† ො𝜋𝑗 − ො𝜋𝑗 ො𝜋𝑗
†) ො𝑎

The above differential equations are simplified by variable transformation as:

ො𝜋𝑗 → ො𝜋𝑗𝑒
−𝑖 Τ𝐸𝑗 ℏ 𝑡

ො𝑎 → ො𝑎𝑒−𝑖𝜔𝑡

𝑑 ො𝑎

𝑑𝑡
= −𝜅෍

𝑗

ො𝜋𝑗𝑒
−𝑖 Τ𝐸𝑗 ℏ−𝜔 𝑡 𝑑 ො𝜋𝑗

𝑑𝑡
= −𝜅(ො𝜋𝑗

† ො𝜋𝑗 − ො𝜋𝑗 ො𝜋𝑗
†) ො𝑎𝑒𝑖 Τ𝐸𝑗 ℏ−𝜔 𝑡

We solve these simultaneous equations by a successive approximation.

: initial states

: first-order solutions)1()1( ˆ,ˆ ja 

)0()0( ˆ,ˆ ja 
𝑑 ො𝑎 1

𝑑𝑡
= −𝜅෍

𝑗

ො𝜋𝑗
0 𝑒−𝑖 Τ𝐸𝑗 ℏ−𝜔 𝑡

𝑑 ො𝜋𝑗
1

𝑑𝑡
= −𝜅(ො𝜋𝑗

(0)†
ො𝜋𝑗
0 − ො𝜋𝑗

0 ො𝜋𝑗
(0)†

) ො𝑎 0 𝑒𝑖 Τ𝐸𝑗 ℏ−𝜔 𝑡

ො𝑎 1 = ො𝑎 0 +න

0

𝑡
𝑑 ො𝑎

𝑑𝑡
𝑑𝑡 = ො𝑎 0 − 𝑖𝜅෍

𝑗

ො𝜋𝑗
0 𝑒−𝑖 Τ𝐸𝑗 ℏ−𝜔 𝑡 − 1

Τ𝐸𝑗 ℏ − 𝜔

ො𝜋𝑗
1 = ො𝜋𝑗

0 +න

0

𝑡
𝑑 ො𝜋𝑗

𝑑𝑡
𝑑𝑡 = ො𝜋𝑗

0 + 𝑖𝜅( ො𝜋𝑗
(0)†

ො𝜋𝑗
0 − ො𝜋𝑗

0 ො𝜋𝑗
(0)†

) ො𝑎 0
𝑒𝑖 Τ𝐸𝑗 ℏ−𝜔 𝑡 − 1

Τ𝐸𝑗 ℏ − 𝜔

: second-order solutions
)2()2( ˆ,ˆ ja 𝑑 ො𝑎 2

𝑑𝑡
= −𝜅෍

𝑗

ො𝜋𝑗
1 𝑒−𝑖 Τ𝐸𝑗 ℏ−𝜔 𝑡

ො𝑎 2 = ො𝑎 0 +න

0

𝑡
𝑑 ො𝑎

𝑑𝑡
𝑑𝑡 = ො𝑎 0 − 𝜅න

0

𝑡

෍

𝑗

ො𝜋𝑗
1 𝑒−𝑖 Τ𝐸𝑗 ℏ−𝜔 𝑡 𝑑𝑡
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= ො𝑎 0 − 𝑖𝜅෍

𝑗

ො𝜋𝑗
0 𝑒−𝑖 Τ𝐸𝑗 ℏ−𝜔 𝑡 − 1

Τ𝐸𝑗 ℏ − 𝜔

+𝑖 ො𝑎 0 𝜅2෍

𝑗

ො𝜋𝑗
0 † ො𝜋𝑗

0 − ො𝜋𝑗
0 ො𝜋𝑗

0 † 1

Τ𝐸𝑗 ℏ − 𝜔
{
𝑒𝑖 Τ𝐸𝑗 ℏ−𝜔 𝑡 − 1

൯−𝑖( Τ𝐸𝑗 ℏ − 𝜔
− 𝑡}

Pa ˆ)ˆ1(ˆ )0( 

= ො𝑎 0 [1 + 𝜅2σ𝑗 ො𝜋𝑗
0 † ො𝜋𝑗

0 − ො𝜋𝑗
0 ො𝜋𝑗

0 † {
൧1−co s[( Τ𝐸𝑗 ℏ−𝜔)𝑡

Τ𝐸𝑗 ℏ−𝜔
2 − 𝑖

𝑡

Τ𝐸𝑗 ℏ−𝜔
}]

−𝑖𝜅෍

𝑗

ො𝜋𝑗
0 𝑒−𝑖 Τ𝐸𝑗 ℏ−𝜔 𝑡 − 1

Τ𝐸𝑗 ℏ − 𝜔

෡Π ≡ 𝜅2 σ𝑗 ො𝜋𝑗
0 †

ො𝜋𝑗
0
− ො𝜋𝑗

0
ො𝜋𝑗
0 †

{
൧1−co s[( Τ𝐸𝑗 ℏ−𝜔)𝑡

Τ𝐸𝑗 ℏ−𝜔
2 − 𝑖

𝑡

Τ𝐸𝑗 ℏ−𝜔
}

෠𝑃 ≡ −𝑖𝜅෍

𝑗

ො𝜋𝑗
0 𝑒−𝑖 Τ𝐸𝑗 ℏ−𝜔 𝑡 − 1

Τ𝐸𝑗 ℏ − 𝜔

We regard this second-order solution as the time evolution during a short time t: 

In the following, we derive temporal differential equations for the mean values of physical quantities 

(i.e., mean amplitude, mean photon number, their variance), using the above equation.

Then, we calculate the time evolution of the physical quantities in a virtual space moving with  the 

speed of light from the input to output ports of an optical amplifier.

Here, we assume that the atom state is uniform along the amplifier length. 

Subsequently, an initial state is expressed as

atomslight

ො𝑎 𝑡0 + 𝜏 = ො𝑎 𝑡0 1 + ෡Π + ෠𝑃

For calculating the mean value of a physical quantity in the Heisenberg picture, we need the initial state. 

The averaged value of a physical quantity is given by the inner produce with an initial state |(t0)>.

optical amplifier

|Ψ 𝑡0 >= |Ψr 𝑡0 >⊗ |Ψa 𝑡0 >= |Ψr 𝑡0 >⊗ {⊗𝑗 (𝑐1 𝜙1 > +𝑐2 𝜙2 >)𝑗}

|(t0)>

Mean amplitude

The short-time evolution of the mean amplitude of light     is

ത𝑎 𝑡0 + 𝜏 =< Ψ 𝑡0 | ො𝑎 𝑡0 + 𝜏 |Ψ 𝑡0 >=< Ψ 𝑡0 |{ ො𝑎 𝑡0 1 + ෡Π + ෠𝑃}|Ψ 𝑡0 >

ത𝑎

=< Ψr 𝑡0 ො𝑎 𝑡0 Ψr 𝑡0 >< Ψa| 1 + ෡Π |Ψa >+< Ψa| ෠𝑃|Ψa >

= ത𝑎 𝑡0 {1 +< Ψa|෡Π|Ψa >} +< Ψa| ෠𝑃|Ψa >

< Ψa|෡Π|Ψa >=< Ψa|[𝜅
2σ𝑗 ො𝜋𝑗

† ො𝜋𝑗 − ො𝜋𝑗 ො𝜋𝑗
† {

1−cos Τ𝐸𝑗 ℏ−𝜔 𝜏

Τ𝐸𝑗 ℏ−𝜔
2 − 𝑖

𝜏

Τ𝐸𝑗 ℏ−𝜔
}]|Ψa >

= 𝜅2σ𝑗 < Ψa| ො𝜋𝑗
† ො𝜋𝑗 − ො𝜋𝑗 ො𝜋𝑗

† |Ψa > {
1−cos Τ𝐸𝑗 ℏ−𝜔 𝜏

Τ𝐸𝑗 ℏ−𝜔
2 − 𝑖

𝜏

Τ𝐸𝑗 ℏ−𝜔
}
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jkjkkjj   11221111 ||||ˆˆ| †

0||||ˆˆ| 21221121   jkkjj
†

0||||ˆˆ| 21221222   jkkjj
†

0||||ˆˆ| 11221212   jkkjj
†

Energy level Ej is densely distributed 

so that we regard it as a continuous  variable E.

r(E): distribution density of E

r(W) is regarded as a constant, compared with the variation of sin2[Wt/2]/W2.

(|c2
(j) |2 – |c1

(j)|2) is also regarded identical for each j.

N1: The number of atoms at the lower state around W = 0

N2: The number of atoms at the higher state around W = 0
i.e., wE

= ׬2
0

∞
|𝑐2|

2 − |𝑐1|
2 sin2 Τ𝐸 ℏ−𝜔 Τ𝜏 2

Τ𝐸 ℏ−𝜔 2 𝜌 𝐸 𝑑𝐸

Ω ≡ Τ𝐸 ℏ − 𝜔

σ𝑗 |𝑐2|
2 − |𝑐1|

2 𝜏

Τ𝐸𝑗 ℏ−𝜔
= ׬

−∞

∞
|𝑐2|

2 − |𝑐1|
2 𝜏

Ω
𝜌(Ω) 𝑑Ω = 0

The imaginary part is an odd function around W = 0  zero as a result of integration.

< Ψa| ො𝜋𝑗
† ො𝜋𝑗|Ψa >= |𝑐2

𝑗
|2

< Ψa| ො𝜋𝑗 ො𝜋𝑗
†|Ψa >= |𝑐1

𝑗
|2

= 𝜅2σ𝑗 |𝑐2
𝑗
|2 − |𝑐1

𝑗
|2

1−cos Τ𝐸𝑗 ℏ−𝜔 𝜏

Τ𝐸𝑗 ℏ−𝜔
2 − 𝑖

𝜏

Τ𝐸𝑗 ℏ−𝜔
= 𝜅2 𝑁2 − 𝑁1 t

|𝑐2|
2 − |𝑐1|

2
1 − cos Τ𝐸𝑗 ℏ − 𝜔 𝜏

Τ𝐸𝑗 ℏ − 𝜔
2

=෍

𝑗

|𝑐2|
2 − |𝑐1|

2
2 sin2 Τ𝐸𝑗 ℏ − 𝜔 Τ𝜏 2

Τ𝐸𝑗 ℏ − 𝜔
2

= 2 න

−∞

∞

|𝑐2
𝑗
|2 − |𝑐1

𝑗
|2

sin2 Ω Τ𝜏 2

Ω2
𝜌(Ω)𝑑Ω

= 2 |𝑐2|
2 − |𝑐1|

2 𝜌 න

−∞

∞
sin2 Ω Τ𝜏 2

Ω2
𝑑Ω = 2 𝑁2 − 𝑁1

𝜋𝜏

2
= 𝑁2 − 𝑁1 𝜋𝜏

0)0(|ˆ|)0( a
)0(

a 
j

j

0|||ˆ| 121111  

< Ψa ෡|𝑃|Ψa >= −𝑖𝜅 < Ψa|෍

𝑗

ො𝜋𝑗
0 𝑒−𝑖 Τ𝐸𝑗 ℏ−𝜔 𝜏 − 1

Τ𝐸𝑗 ℏ − 𝜔
|Ψa >= 0
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for t << 1

Mean photon number

Higher-order terms are neglected.

On the other hand,

𝑔 ≡ 2𝜅2𝜋 : gain coefficientത𝑎 𝑡0 + 𝜏 = ത𝑎 𝑡0 + ത𝑎 𝑡0
𝑔

2
(𝑁2 − 𝑁1)𝜏

ത𝑎 𝑡0 + 𝜏 = ത𝑎 𝑡0 +
𝑑ത𝑎

𝑑𝑡
𝜏

𝑑 ത𝑎

𝑑𝑡
=
𝑔

2
𝑁2 − 𝑁1 ത𝑎 ത𝑎(𝑡) = ത𝑎 0 𝑒( Τ𝑔 2) 𝑁2−𝑁1 𝑡

=< Ψa|{1 + 2𝜅2෍

𝑗

ො𝜋𝑗
† ො𝜋𝑗 − ො𝜋𝑗 ො𝜋𝑗

† 1 − cos Τ𝐸𝑗 ℏ − 𝜔 𝜏

Τ𝐸𝑗 ℏ − 𝜔
2 }|Ψa >= 1 + 𝑔(𝑁2 − 𝑁1)𝜏

< Ψa| ෠𝑃
† ෠𝑃|Ψa >= 𝜅2 < Ψa|{෍

𝑗

ො𝜋𝑗
0 † 𝑒

𝑖 Τ𝐸𝑗 ℏ−𝜔 𝜏 − 1

Τ𝐸𝑗 ℏ − 𝜔
}{෍

𝑗

ො𝜋𝑗
0 𝑒−𝑖 Τ𝐸𝑗 ℏ−𝜔 𝜏 − 1

Τ𝐸𝑗 ℏ − 𝜔
}|Ψa >

The short-time evolution of the mean photon number     isത𝑛

ത𝑛 𝑡0 + 𝜏 =< Ψ 𝑡0 | ො𝑛 𝑡0 + 𝜏 |Ψ 𝑡0 >=< Ψ 𝑡0 | ො𝑎† 𝑡0 + 𝜏 ො𝑎 𝑡0 + 𝜏 |Ψ 𝑡0 >

=< Ψ 𝑡0 |{ ො𝑎† 𝑡0 1 + ෡Π† + ෠𝑃†}{ ො𝑎 𝑡0 1 + ෡Π + ෠𝑃}|Ψ 𝑡0 >

=< Ψ 𝑡0 |{ ො𝑎† 𝑡0 ො𝑎 𝑡0 1 + ෡Π† 1 + ෡Π + ො𝑎† 𝑡0 1 + ෡Π† ෠𝑃 + ො𝑎 𝑡0 ෠𝑃† 1 + ෡Π + ෠𝑃† ෠𝑃}|Ψ 𝑡0 >

=< Ψr 𝑡0 | ො𝑎† 𝑡0 ො𝑎 𝑡0 |Ψr 𝑡0 >< Ψa| 1 + ෡Π† 1 + ෡Π |Ψa >

+< Ψr 𝑡0 | ො𝑎† 𝑡0 |Ψr t0 >< Ψa| 1 + ෡Π† ෠𝑃|Ψa >

+< Ψr 𝑡0 | ො𝑎 𝑡0 |Ψr 𝑡0 >< Ψa| ෠𝑃
† 1 + ෡Π |Ψa >

+< Ψa| ෠𝑃
† ෠𝑃|Ψa >

= ത𝑛 𝑡0 < Ψa| 1 + ෡Π† 1 + ෡Π |Ψa > +ത𝑎∗ 𝑡0 < Ψa| 1 + ෡Π† ෠𝑃|Ψa >

+ത𝑎 𝑡0 < Ψa ෠𝑃† 1 + ෡Π Ψa >+< Ψa ෠𝑃† ෠𝑃 Ψa >

< Ψa| 1 + ෡Π† 1 + ෡Π |Ψa >≈< Ψa| 1 + ෡Π† + ෡Π |Ψa >

ො𝜋𝑗
† ො𝜋𝑗 − ො𝜋𝑗 ො𝜋𝑗

† †
= ො𝜋𝑗

† ො𝜋𝑗 − ො𝜋𝑗 ො𝜋𝑗
†

෡Π† = ෡Π

< Ψa| 1 + ෡Π† ෠𝑃|Ψa >= 0

< Ψa| ෠𝑃
† 1 + ෡Π |Ψa >= 0

= 𝜅2σ𝑗 < Ψa| ො𝜋𝑗
0 † ො𝜋𝑗

0 |Ψa >
|𝑒
𝑖 Τ𝐸𝑗 ℏ−𝜔 𝜏

−1|2

( Τ𝐸𝑗 ℏ−𝜔)2
= 𝑔𝑁2𝜏

|𝑒𝑖 Τ𝐸𝑗 ℏ−𝜔 𝜏 − 1|2 = 2 − 2 cos Τ𝐸𝑗 ℏ − 𝜔 𝜏 = 2{1 − cos Τ𝐸𝑗 ℏ − 𝜔 𝜏 }

ത𝑛 𝑡0 + 𝜏 = ത𝑛 𝑡0 + ത𝑛 𝑡0 𝑔 𝑁2 − 𝑁1 𝜏 + 𝑔𝑁2𝜏



11Each term can be interpreted as follows:

: Initial photon number

: Photon-number increase proportional to n and N2

: Photon-number decrease proportional to n and N1

: Photon-number increase proportional to N2
spontaneous emission

stimulated emission

absorption

|2>

|1>

|2>

|1>

|2>

|1>

stimulated emission spontaneous emissionabsorption

On the other hand,

amplified signal spontaneous emission

locally generated photons

: population inversion parameter (noise factor)

ത𝑛 𝑡0

ത𝑛 𝑡0 𝑔𝑁2t

− ത𝑛 𝑡0 𝑔𝑁1t

ത𝑛 𝑡0 + 𝜏 = ത𝑛 𝑡0 +
𝑑ത𝑛

𝑑𝑡
𝜏

Thus,
𝑑 ത𝑛

𝑑𝑡
= 𝑔 𝑁2 − 𝑁1 ത𝑛 + 𝑔𝑁2

amplification
with gain coefficient g(N2 - N1)

The solution is:

ത𝑛 𝑡 = ത𝑛 0 𝑒𝑔 𝑁2−𝑁1 𝑡 + 𝑔׬
0

𝑡
𝑁2(𝑡0)𝑒

𝑔 𝑁2−𝑁1 (𝑡−𝑡0)𝑑𝑡0 = 𝐺ത𝑛 0 + (𝐺 − 1)𝑛sp

𝑛sp ≡
𝑁2

𝑁2−𝑁1

where

𝑔 ׬
0

𝑡
𝑁2(𝑡0)𝑒

𝑔 𝑁2−𝑁1 (𝑡−𝑡0)𝑑𝑡0 = 𝑔𝑁2
𝑒𝑔 𝑁2−𝑁1 𝑡−1

𝑔 𝑁2−𝑁1
= (𝐺 − 1)𝑛sp

𝐺 ≡ 𝑒𝑔 𝑁2−𝑁1 𝑡 : signal gain

+ gN2t

Amplitude fluctuation

Fluctuation of the light amplitude can be evaluated by the variances of the real and imaginary parts of 

the annihilation operator (Chap. IV).

21 ˆˆˆ xixa †

21 ˆˆˆ xixa  )ˆˆ(
2

1
ˆ1

†aax 

)ˆˆ(
2

1
ˆ2

†aa
i

x 

(real part) 

(imaginary part)

2
1

2
1

2
1 ˆˆ  xxx

2
2

2
2

2
2 ˆˆ  xxx

They are calculated as follows.



12< ො𝑥1
2 𝑡0 + 𝜏 >=

1

4
< Ψ0| ො𝑎 𝑡0 + 𝜏 + ො𝑎† 𝑡0 + 𝜏 ො𝑎 𝑡0 + 𝜏 + ො𝑎† 𝑡0 + 𝜏 |Ψ0 >

=
1

4
{< Ψ0 ො𝑎 𝑡0 + 𝜏 ො𝑎 𝑡0 + 𝜏 Ψ0> +< Ψ0| ො𝑎 𝑡0 + 𝜏 ො𝑎† 𝑡0 + 𝜏 |Ψ0>

+< Ψ0| ො𝑎
† 𝑡0 + 𝜏 ො𝑎 𝑡0 + 𝜏 |Ψ0 >+< Ψ0

෡|𝑎† 𝑡0 + 𝜏 ො𝑎† 𝑡0 + 𝜏 |Ψ0 >}

< Ψ0 ො𝑎 𝑡0 + 𝜏 ො𝑎 𝑡0 + 𝜏 Ψ0 >=< Ψ0 ො𝑎 𝑡0 1 + ෡Π + ෠𝑃}{ ො𝑎 𝑡0 1 + ෡Π + ෠𝑃 Ψ0 >

=< Ψr 𝑡0 | ො𝑎 𝑡0 ො𝑎 𝑡0 |Ψr(𝑡0) >< Ψa| 1 + ෡Π 1 + ෡Π |Ψa >

+< Ψr 𝑡0 | ො𝑎 𝑡0 |Ψr(𝑡0) >< Ψa| 1 + ෡Π ෠𝑃+ ෠𝑃 1 + ෡Π |Ψa >+< Ψa| ෠𝑃 ෠𝑃|Ψa >

≈< Ψr 𝑡0 | ො𝑎 𝑡0 ො𝑎 𝑡0 |Ψr(𝑡0) > {1 + 𝑔 𝑁2 − 𝑁1 𝜏}
0 0

< Ψ0| ො𝑎 𝑡0 + 𝜏 ො𝑎† 𝑡0 + 𝜏 |Ψ0 >=< Ψ0| ො𝑎 𝑡0 { 1 + ෡Π + ෠𝑃}ො𝑎† 𝑡0 { 1 + ෡Π† + ෠𝑃†}|Ψ0 >

=< Ψr 𝑡0 | ො𝑎 𝑡0 ො𝑎† 𝑡0 |Ψr(𝑡0) >< Ψa| 1 + ෡Π 1 + ෡Π† |Ψa >

+< Ψr 𝑡0 | ො𝑎† 𝑡0 |Ψr(𝑡0) >< Ψa| ෠𝑃 1 + ෡Π† |Ψa > + < Ψa| ෠𝑃 ෠𝑃
†|Ψa >

+< Ψr 𝑡0 | ො𝑎 𝑡0 |Ψr(𝑡0) >< Ψa| 1 + ෡Π ෠𝑃†|Ψa >

=< Ψr 𝑡0 | ො𝑎† 𝑡0 ො𝑎 𝑡0 |Ψr(𝑡0) >< Ψa| 1 + ෡Π† 1 + ෡Π |Ψa >+< Ψa| ෠𝑃
† ෠𝑃|Ψa >

0

0

< Ψa| ෠𝑃 ෠𝑃
†|Ψa >= 𝜅2 < Ψa|{෍

𝑗

ො𝜋𝑗
𝑒−𝑖 Τ𝐸𝑗 ℏ−𝜔 𝜏 − 1

Τ𝐸𝑗 ℏ − 𝜔
}{෍

𝑗

ො𝜋𝑗
† 𝑒

𝑖 Τ𝐸𝑗 ℏ−𝜔 𝜏 − 1

Τ𝐸𝑗 ℏ − 𝜔
}|Ψa >

= 𝜅2σ𝑗 < Ψa| ො𝜋𝑗 ො𝜋𝑗
†|Ψa >

|𝑒
𝑖 Τ𝐸𝑗 ℏ−𝜔 𝜏

−1|2

( Τ𝐸𝑗 ℏ−𝜔)2
= 𝑔𝑁1𝜏

< Ψ0| ො𝑎
† 𝑡0 + 𝜏 ො𝑎 𝑡0 + 𝜏 |Ψ0 >=< Ψ0| ො𝑎

† 𝑡0 { 1 + ෡Π† + ෠𝑃†} ො𝑎 𝑡0 { 1 + ෡Π + ෠𝑃} |Ψ0 >

≈< Ψr 𝑡0 | ො𝑎 𝑡0 ො𝑎† 𝑡0 |Ψr(𝑡0) > {1 + 𝑔 𝑁2 −𝑁1 𝜏} + 𝑔𝑁1𝜏

≈< Ψr 𝑡0 | ො𝑎† 𝑡0 ො𝑎 𝑡0 |Ψr(𝑡0) > {1 + 𝑔 𝑁2 − 𝑁1 𝜏}+ 𝑔𝑁2𝜏

<Ψ0|ො𝑎† 𝑡0 + 𝜏 ො𝑎† 𝑡0 + 𝜏 |Ψ0 >=< Ψ0| ො𝑎
† 𝑡0 { 1 + ෡Π† + ෠𝑃†} ො𝑎† 𝑡0 { 1 + ෡Π† + ෠𝑃†}|Ψ0 >

=< Ψr 𝑡0 | ො𝑎† 𝑡0 ො𝑎† 𝑡0 |Ψr(𝑡0) >< Ψa| 1 + ෡Π† 1 + ෡Π† |Ψa >+< Ψa| ෠𝑃
† ෠𝑃†|Ψa >

≈< Ψr 𝑡0 | ො𝑎† 𝑡0 ො𝑎† 𝑡0 |Ψr(𝑡0) > {1 + 𝑔 𝑁2 − 𝑁1 𝜏}

< ො𝑥1
2 𝑡0 + 𝜏 >=

1

4
[< Ψr 𝑡0 | ො𝑎 𝑡0 ො𝑎 𝑡0 |Ψr(𝑡0) > {1 + 𝑔 𝑁2 − 𝑁1 𝜏}

+< Ψr 𝑡0 | ො𝑎 𝑡0 ො𝑎† 𝑡0 |Ψr(𝑡0) > {1 + 𝑔 𝑁2 − 𝑁1 𝜏} + 𝑔𝑁1𝜏

+< Ψr 𝑡0 | ො𝑎† 𝑡0 ො𝑎 𝑡0 |Ψr(𝑡0) > {1 + 𝑔 𝑁2 − 𝑁1 𝜏}+ 𝑔𝑁2𝜏

+< Ψr 𝑡0 | ො𝑎† 𝑡0 ො𝑎† 𝑡0 |Ψr(𝑡0) > {1 + 𝑔 𝑁2 − 𝑁1 𝜏}]
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amplified noise additional noise

=< Ψr 𝑡0 ො𝑥1
2 𝑡0 Ψr 𝑡0 > 1 + 𝑔 𝑁2 − 𝑁1 𝜏 +

1

4
𝑔(𝑁1 + 𝑁2)𝜏

𝑁1 + 𝑁2
𝑁1 − 𝑁2

=
2𝑁1

𝑁1 − 𝑁2
− 1 = 2𝑛sp − 1

On the other hand,

< ො𝑥1 𝑡0 + 𝜏 >2=
1

4
{< Ψ0| ො𝑎 𝑡0 + 𝜏 + ො𝑎† 𝑡0 + 𝜏 |Ψ0 >}

2

=
1

4
{< Ψ0| ො𝑎 𝑡0 + 𝜏 |Ψ0 >+< Ψ0| ො𝑎

† 𝑡0 + 𝜏 |Ψ0 >}
2

=
1

4
[< Ψr 𝑡0 | ො𝑎 𝑡0 |Ψr 𝑡0 > {1 +

𝑔

2
𝑁2 −𝑁1 𝜏}

+< Ψr 𝑡0 | ො𝑎† 𝑡0 |Ψr 𝑡0 > {1 +
𝑔

2
𝑁2 − 𝑁1 𝜏}]2

=
1

4
{< Ψr 𝑡0 ො𝑎 𝑡0 Ψr 𝑡0 >+< Ψr 𝑡0 | ො𝑎† 𝑡0 |Ψr 𝑡0 >}2{1 +

𝑔

2
𝑁2 − 𝑁1 𝜏}2

≈
1

4
{< Ψr 𝑡0 { ො𝑎 𝑡0 + ො𝑎† 𝑡0 } Ψr 𝑡0 >}2 {1 + 𝑔 𝑁2 − 𝑁1 𝜏}

= {< Ψr 𝑡0 ො𝑥1 𝑡0 Ψr 𝑡0 >}2 {1 + 𝑔 𝑁2 − 𝑁1 𝜏}

Therefore,

𝜎𝑥1
2 𝑡0 + 𝜏 =< ො𝑥1

2 𝑡0 + 𝜏 >−< ො𝑥1 𝑡0 + 𝜏 >2

=< Ψr 𝑡0 ො𝑥1
2 𝑡0 Ψr 𝑡0 > 1 + 𝑔 𝑁2 − 𝑁1 𝜏 +

1

4
𝑔(𝑁1 + 𝑁2)𝜏

−{< Ψr 𝑡0 ො𝑥1 𝑡0 Ψr 𝑡0 >}2 {1 + 𝑔 𝑁2 − 𝑁1 𝜏}

= [< Ψr 𝑡0 ො𝑥1
2 𝑡0 Ψr 𝑡0 > −{< Ψr 𝑡0 ො𝑥1 𝑡0 Ψr 𝑡0 >}2] 1 + 𝑔 𝑁2 − 𝑁1 𝜏

+
1

4
𝑔(𝑁1 + 𝑁2)𝜏

= 𝜎𝑥1
2 𝑡0 1 + 𝑔 𝑁2 − 𝑁1 𝜏 +

1

4
𝑔(𝑁1 + 𝑁2)𝜏

From this equation, the following differential equation is obtained.

𝑑𝜎𝑥1
2

𝑑𝑡
= 𝑔 𝑁2 − 𝑁1 𝜎𝑥1

2 +
1

4
𝑔(𝑁1 + 𝑁2)

𝜎𝑥1
2 (𝑡) = 𝜎𝑥1

2 (0)𝑒𝑔 𝑁2−𝑁1 𝑡 +
1

4
𝑔(𝑁1 + 𝑁2)න

0

𝑡

𝑒𝑔(𝑁2−𝑁1)(𝑡−𝑡0)𝑑𝑡0

= 𝜎𝑥1
2 (0)𝑒𝑔 𝑁2−𝑁1 𝑡 +

1

4
𝑔(𝑁1 + 𝑁2)

𝑒𝑔(𝑁2−𝑁1)𝑡 − 1

𝑔(𝑁1 − 𝑁2)

= 𝐺𝜎𝑥1
2 (0) +

1

4

𝑁1+𝑁2

𝑁1−𝑁2
(𝐺 − 1)

= 𝐺𝜎𝑥1
2 (0) +

1

4
(2𝑛sp − 1)(𝐺 − 1)
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photon number

(amplified photon) (spontaneous emission)

In summary,

amplitude

amplitude fluctuation )12(
4

1
)in()out( sp

2
1

2
1 


 n

G
G xx 

(additional noise)

The above amplification process can be illustrated in the complex amplitude space (constellation) as

Re[E]

Im[E]

(input state)

(amplified noise)

Here, the input light is supposed to be a pure coherent state.

In this case, the amplitude variances of the input light are:
4

1
)in()in( 2

2
2
1  xx 

(additional variance)

Then, the amplitude variances of the output light are:

spsp
2
2

2
1 )1(

2

1

4

1
)12(

4

1

4

1
)out()out( nGn

G
Gxx 


 

G

(coherent light)

+
Re[E]

Im[E]

(spontaneous light)

Re[E]

Im[E]

This expressions can be interpreted as:

“the amplified light is composed of a coherent light and spontaneously emitted light”.

(var. of a coherent state)

ത𝑛out = 𝐺 ത𝑛in + (𝐺 − 1)𝑛sp

ത𝑎out = 𝐺 ത𝑎in



15A coherent state corresponds to a noise-free light in the classical world.

Thus, the above consideration suggests that the transfer function of an optical amplifier can be 

classically expressed as:

spinout EEGE 

<Esp> = 0

amplified signal light spontaneously emitted light

(or amplified spontaneous emission: ASE) 

where the mean value and the variance of ASE light are given by

hf : one-photon energy

fsp: frequency bandwidth of ASE)()1(
2

1
]}{Im[]}{Re[ spsp

2
sp

2
sp fhfnGEE 

hf is multiplied because the energy unit in the above discussion is one photon.

fsp is multiplied because the above discussion is for one resonance mode.

Amplitude fluctuation is evaluated in the above.

Photon number fluctuation ( i.e., intensity fluctuation) can be also evaluated with similar calculations.

However, the derivation is rather complicated, and we just show results below.

2222
n )out(ˆˆ)out(ˆˆˆˆ)out(ˆ)out(ˆ)out(  aaaaaann †††

})in(ˆ{)1()1(2)1( in
2
in

222
sp

2
spinspin nnnGnGnnGGnGGn 

signal shot noise

spontaneous shot noise

signal-spontaneous beat noise amplified excess noise

spontaneous-spontaneous beat noise

Noise Figure (NF)

The noise performance of an amplifier is usually indicated by “noise figure (NF)”.

We describe NF of an optical amplifier in terms of quantum mechanics in this section.

The noise figure is generally defined as:

out

in

out

in

)/(

)/(

)(

)(

NS

NS

SNR

SNR
NF 

SNR: Signal-to-Noise Ratio, S: Signal power, N: Noise power

Historically, SNR is evaluated in terms of the photo-current generating in direct detection,

which is equivalent to SNR in the photon number.

(SNR)in (SNR)out

where

photo current ∝ light intensity ∝ photon number
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S = (mean photon number)2 =          

N = the variance of the photon number = n
2 =       

2ˆ  n

22 ˆˆ  nn

From the previous results, 

}(in)ˆ{)1()1(2)1( in
2
in

222
sp

2
spinspin

2
nout nnnGnGnnGGnGGnN  

2
spin

2
out })1({)out(ˆ nGGnnS 

In our situation,

Usually, {n0 >> nsp, G >> 1} and then the above expressions are approximated as: 

spin
2

spinout 2)1(2 nnGnnGGN 

2
in

2
out nGS 

(i.e., signal-spontaneous beat noise is dominant)

Then,

sp

0

sp0
2

2
0

2

out
22

)(
n

n

nnG

nG
SNR 

On the other hand, (SNR)in cannot be specifically expressed in general, because it depends on the 

input light state.

In order to indicate the intrinsic noise property of amplifiers, the input light is usually assumed to be 

ideally clean light, i.e., coherent state.   

222
in |ˆ||ˆˆˆˆ||ˆ||ˆ|   naaaannN ††

2
inin nS 

in
2
inin

2
in

2
in

4

2
in

2

|ˆ|||

|ˆˆ||ˆˆˆˆ|

|ˆ||ˆ)1ˆˆ(ˆ|

nnnn

nn

naaaaaa

naaaa















†††

††

Then,.   

in
in

2
in

in)( n
n

n
SNR 

From the above equations,   

sp
spin

in

out

in 2
2/)(

)(
n

nn

n

SNR

SNR
NF 

Usually, the dB-representation is used for the noise figure;   )2(log10)(log10)( sp1010dB nNFNF 

By the way, nsp in the above expression is:

1
/1

1

2112

2
sp 







NNNN

N
n N2: the number of atoms at the upper energy state

N1: the number of atoms at the lower energy state

Thus, 

2NF (3 dB)

NF = 3dB is the quantum-limited noise figure of  amplifiers.

Any amplifier based on light-atom interaction cannot show better noise performance than NF = 3dB.


