V. Light amplification & Spontaneous emission 1

Lasers are based on spontaneous emission and light amplification, which are kinds of quantum
phenomenon. This chapter quantum-mechanically describes light amplification.

Energy level of a material system

A matter is composed of atoms, and an atom is composed of a nucleus and electrons.

Possible orbits of electrons are discrete.
electron

The energy of an atom is discrete.

O distant orbit: The potential energy is high.
close orbit: The potential energy is low.

atomic
nucleus

In qguantum-mechanical terms, eigenvalues of the energy operator of an atom are discrete.

energy eigenvalue (discrete) (schematic image of energy states)

l —@—@—— high energy state

Hlg >=Eild >

[

eigenstate corresponding to an electron orbit.

energy

—@—@ @ — Ilowenergy state

\

(representing each atom)

Interaction between light and a matter

When lightwave is injected into a matter system under the condition of the photon energy being equal
to the energy difference between two energy-levels, as illustrated below, interaction (or energy
exchange) between light and the matter efficiently occurs.
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Transition from a low energy level to a high energy level <= light absorption
a high energy level to a low energy level < light emission




Semi-classical theory and full-quantum theory 2
There are two approaches to describe the above light-atom interaction;
Semi-classical theory: an atom is quantum, and light is classical.
Full-quantum theory: an atom and light are both quantum.

The semi-classical theory is convenient to intuitively understand the resonant interaction.
The full-quantum theory exactly describes the interaction, from which spontaneous emission is derived.

Behavior of an atom is the main concern in the semi-classical theory

The atom’s state changes while interacting with light.
In quantum mechanics, the state evolution is described by Schrédinger equation.
We will see how an atom temporally evolves through the interaction, using Schrodinger equation.

Schrédinger equation:
H : energy operator of an atom (Hamiltonian)

d _
ih— |P() >= H|¥(t) > | ¥(t) > : quantum state of an atom

First, we express the atom’s state as a superposition of the atom’s energy eigenstates:

<«———phase evolution without the interaction (Chap. 2)
|‘P(t)>:2_cj(te |¢J>

11 probability amplitude possibly varying through the interaction
where |4> is an eigenstate of the energy operator of the atom HO.

Ejt/h

l:lo |, >=E;|p; > (E; : energy eigenvalue)

The total energy operator, when the atom interacts with light, includes the interaction energy operator
in addition.

H = Ho + Hin
H int 1S the energy operator for the atom-light interaction, which is derived below.
We assume the dipole interaction, whose classical energy is

Vint =—PE=eXrjE =eDE
]

P=—exr] D=3, Jignt field £
J ! LIV e 0

e: electron charge

rj: position of the j-th electron polarization P

The interaction energy operator is obtained by replacing D with an operator, while the light is classical
in the semi-classical theory.

Hiy = eD(Ege ™™ + Eq ')



The atom’s behavior follows Schrodinger equation: 3

- d -1 ] 3 H L /
lh%Z cj(t)e LE]t/h|¢j > = (Hy + Hint)ch(t)e lE]t/hld)j >
- j
zhz <ch i Dye i/t g > = > lge B g; > +lice 1M ) >)
> y jlPj nt%J J
J

ihzd_t]e_iEjt/hld)j > = z ﬁinthe_iEjt/h|¢j >
J J
Take the inner product with | g >

dc . . .
ihd_:e_lEkt/h N Z cje” FIt/h < | Hintlg; > = ; .
j

de i
— = ¢; < ¢i|Hintlg; > e kit

dt  h A
N [ Dy =<4 1B1g; > |
l . . .
— _Ee(EOe_lwt + Ef;elwt) § Cjijelwkjt

Resonant transition

The above simultaneous equations cannot be exactly solved.
Here, an approximate approach is employed to solve them, where c; in the right-hand side is assumed to
be constant in a short time.

dc [ . . .
d_tk = —ﬁe(Eoe"“‘)t + Ege'®t) Z ¢j(0)Dy et kit
J

Here, we assume that the atom is initially at one of the eigenstate |#>, not a superposition state.
c® =1

cf =0 forj#i

Then, the above equation can be solved as

% — _l%Dki(EOe—iwt + Ejelot)eiont = _i%Dki{EOei(wki—w)t + Ejel@witolty
e ei(wki—w)t_l N ei(wki+w)t_1
k() = =3 Dl o — ——+ Eo———
This expression indicates that cy (t) is large when @; = @ = 0.
. . E, — E;
(1) The first term is large when @, ~ @ —» % - ! w —> Ex=E +ho

The atom transits from the initial state to a higher energy state with an energy difference of Ao,
which equals to the photon energy of the incident light.

We are now considering a closed system. Thus, the energy that the atom obtains should comes
from somewhere because of the energy conservation. The candidate is the light, which is
reasonable since the energy lost by the atom equals to the photon energy.
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(2) The second term is large when -, ~ @ —» — Ex ; Ei_ w > Ex=E —-ho

The atom transits from the initial state to a lower energy state with an energy difference of Ao,
which equals to the photon energy of the incident light.

Consideration similar to case (1) suggests that the atom transits from the initial state to a lower
energy state, giving the energy from a photon (maybe).

This consideration suggests that the atom transits from the initial state to a lower energy state
while the lost energy turns to be a photon (maybe).

o 4>

4>

Resonant process: Interaction occurs most efficiently when the photon energy is coincident
with an energy difference of an atom.

The probability of the state transition is estimated as follows.
First, we assume @, = -@. Then, (first term) << (second term) (i.e., emission)

ei(wkl-+w)t -1

e
ce(t) = =7 DiiEo ot
l

The probability of the state being at the k-th energy state at time t is

, e’ o o Sin? [(wy; + w) t/2]/4
lck|* = 25 |Dril | Eol
h ((,()kl'+(1))2

which is equivalent to the transition probability from the i-th state to the k-th state.
This consideration suggests that the transition probability is proportional to the light intensity.

In summary,
- Transition occurs efficiently between energy states whose energy difference equals to the photon

energy.
An atom transits from an upper energy state to a lower one {5 light emission (maybe)

a lower energy state to an upper one() light absorption (maybe)

- The transition probability is proportional to the light intensity
(no transition when no light = no spontaneous transition)

- The transition probability from the upper to the lower and that from the lower to the upper are equal.



Full guantum theory 5

The previous section suggests the resonant interaction, i.e., an atom and light efficiently interact with
each other when the photon energy equals to an energy difference of the atom system.
However, there are some unclear issues:
- Photon emission and absorption are suggested by a circumstantial evidence, not by direct derivation.
- Spontaneous emission is not derived.
- Other information related to light amplification are missed, such as
light amplitude, amplitude fluctuation, photon number fluctuation

In order to fully understand light amplification, we need the full-quantum theory, which is presented in
this section.

First, the light is quantized as well as atoms in the energy operator.
Based on the semi-classical theory, the interaction energy operator can be expressed as:

Ay = ihKZ(ﬁ-JTa — #;a") (The subscript j represents the j-th atom._) _
- ( k2 constant representing interaction efficiency)

where

75 ¢ ><@o| :the atom’s transition operator from the upper state |4,> to the lower one |¢,>

f =[ ¢ >< ¢ | : the atom’s transition operator from the lower state |¢,> to the upper one |¢,>

STa {A photon is absorbed. N éT{A photon is emitted.
An atom is excited. An atom is relaxed.
|4,> ® |4,>
® ,T l ...... > ®
@ | 41> |4,>

Hereafter, we employ the Heisenberg picture.

Heisenberg picture: a time-dependent operator is derived first, and then its expectation
value with respect to an initial state is evaluated.

<W(O)AIP(t) >=< P(0)|e /MDAt jo~ (/DALY (0) >
| J

Y

AH (t) :time-dependent Heisenberg operator
AH (t) follows Heisenberg equation of motion:

d » A i~ A~ AL . .
EAH(t) = [H:AH(t)] = E(HAH — AyH) [H : Hamiltonian (energy operator)]
The energy in the present system is composed of the original energies and the interaction energy:
= hoata+ ) Erfa; + lhKE(ATA #ah

J
(light) (atoms) (|nteract|on) _ _
(hal2 is neglected because it does not matter here.)



About X Ejﬁ]fy%j
j

An atom state is a superposition of |#> and |g,>.

=g |h>iClh> > Q=<@l¥> Cp=<g|¥>

<VYi|=q <@ |+Co<tp| —> cf=<‘P|¢l> c;:<‘P|¢2>

2O

|V >=<@ | V> >+<d |V > >
<Y [=<V¥|h><P|+<V¥|dy><g|

A quantum state is normalized.
<Y|¥>=1

{<‘P|¢l><¢l|+<‘l’|¢2 ><¢2|}{<¢l|‘1’>|¢l>+<¢2|‘1’>|¢2 >}:1
<Y h><p|VY>+<V|dp><gp |V >=1
<Y H{a><hl+g><d |} ¥>=1

L J

Y
1 (identity operator)

Applying the identity operators to the energy operator.

'=1,2

Fla:{ Z|¢k'><¢k'|}|:|a{ 2l ><¢k|}={ 2l ><¢1<'|H 2 Ex ok ><¢k|}
k'=1,2 k=1,2 k k=1,2

=Bl ><d|+Ex ¢ >< 42|
We regard E, as a reference of the energy level, and assume E; = 0.

H, = AE | gy >< dy |= AE | d >< ¢y | & >< dy |= AEZT 7 (AE=E,-E, |

An ensemble of atoms: > Ejﬁ}rfzj where E; = AE for jth atom

/ataa)-ataa—aaTa—atas—(aTa+na=-a
S[(#]a-7;a").a1=x{(#]a-7;aNa-a(]a-7;a")}
J J
=y {(#]aa-#;a"a) - (7]aa-7;aa")}=x{-7,a'a+ ;44

[<¢| | §j >= dij ]

[l']a“”k >=E, | ¢, >]



Heisenberg equation for an atom:

dﬁ] l ~ . l ~ A.I.
E=g[H’”j] =~ Eifty — k(@7 — 7 7)a

/Ek[ﬂ'kﬂ'k 7Z'J] ZEk(ﬂ'kﬂ'kﬂ' —7Z'J Eﬁ'k) Ejﬁ.j \

ol 7Te1><2|2><1|1><2|H1><2]=7
12 7T=2><1|1><2|1><2}=0

%Kﬁia—ﬁké*),ﬁj] =§{(ﬁla—ﬁké*)7%,- i (Aia-740)}

s ATN (A ATA A A AT\ (aTa A A
K :%{(ﬁkﬁja—ﬁkﬁja )—(Zjma—7ma )}I(ﬂjﬁj—ﬁjﬂj/

The above differential equations are simplified by variable transformation as:
d - Ge ot i - fije —i(Ej/n)t

U

da . dft;

o k) pieiE/n-w)t iy R n 7. _ a1 gei(Ej/h-w)t

dt Z J dt ( J J )
]

We solve these simultaneous equations by a successive approximation.

—

daW .
= 5(0) ,—i(E;/h~ ~(0) A .
dt _KZ”J' e~ i)t a©, 249 - initial states
R dA(1) ! é_(l),ﬁgl) : first-order solutions
T K(ﬂ(o)’rnj(o) A_(o) ﬁj(O)'l')a(O)ei(Ej/h—w)t
dt

—i(Ej/h—w)t -1

4a b — g0 _ chﬁ.“’) ¢

t
_ 0
t .
df. el(Ej/h—w)t -1
~ ~(0 ~(0 0 0 ~(0) ~(0 ~
7Tj(l) - n]-( '+ f_t]dt - n}'( '+ uc(n]( )Tnj( : '( )nf( ha® Ei/h—w
— 0
7(2) A A .
da” _ _KZﬁ.(l)e—i(Ej/h—w)t [ a4, 22 - second-order solutlons]
dt J

t
a® =a® + f %dt =a® — f {z ﬁj(l)e‘i(Ej/fl—w)f} dt
0




—l'(E]'/fl—w)t -1 8

_ ~(0) _ ; E:A(o)e
=a LK TT .

ei(Ej/h—w)t -1

1
: 2(0),.2 ~(0)1~(0) _ ~(0)~(0)t _
+ia“Vk Z(nj mi; m;m; )Ej/h—w{—i(Ej/h—o)) t}
j
= q©® (01 2(0) _ () 2 (0)+) (LocoslEj/h-ant] . ¢
—a [1+K Z ( i ;T ){ (Ej/h_w)z lE]-/h—a)}]
_ikz ~0) e iE/hw)t _ q
5 J E]/h—w
— 40 T) + P - h—
=a”/(1+ID)+P ~(0)12(0) _ 2(0) 2 ()1 (LocoslEj/h-aye] . ¢
M=« ZI( Ty~ T mOm ) (Ej/h_w)z lEj/h—w}

e~ i(Ej/i-w)t _ 4

P=—i Z".(O)
iK ) #; E/h—w

We regard this second-order solution as the time evolution during a short time z.
a(to+ 1) =at)(1+M)+P

In the following, we derive temporal differential equations for the mean values of physical quantities
(i.e., mean amplitude, mean photon number, their variance), using the above equation.

Then, we calculate the time evolution of the physical quantities in a virtual space moving with the
speed of light from the input to output ports of an optical amplifier.

> optical amplifier

For calculating the mean value of a physical quantity in the Heisenberg picture, we need the initial state.
The averaged value of a physical quantity is given by the inner produce with an initial state |\P'(t,)>.

Here, we assume that the atom state is uniform along the amplifier length.
Subsequently, an initial state is expressed as

[P (to) >= |Wr(to) >Q |Pa(ty) >= |Pr(ty) >R {®; (c1|p1 > +ca| >);}

\—Y—). l_‘_l Y
light atoms [P(t,)>

Mean amplitude
The short-time evolution of the mean amplitude of light a is

alty + 1) =< W(to)|a(ty + 1)|W(te) >=< W(to)|{a(to)(1 + M) + P} W(te) >

=< Wr(to)|a(to) IPr(to) >< Wal(1 + ) |W4q >+< Wa|P|Wy >
= a(to){1 +< W4|TI|¥; >} +< W,|P|W¥, >

’_ ................... _’
& T 1—cos|(E;/h— w)r]
< W,|TT|Wa >=< W,|[x Z}(” j — ){ (Ej/h] o L /h —}[Wa >
o, At 1-cos[(E;/n-w)r] . 1
=K < LIJ61|(7Tj j — T, 1) 1wa > { (Ej/h-w)® Ej/h—w}



Cmﬁjﬁ}“lqpk:é]k<¢l|¢l><¢z|¢2><¢1|¢1>=6,-k )
< | 7i7] 1 >= 0 <o | >< s | §r >< 1 | § >=0 A AR L
<h |77 1 k=S <t |h><g | ><h| ¢ >=0 [>
< |2i7] 1> =0 <t |h><ds | hy >< | >=0

< ol |Wa >= i |?

_/

=23, (19 — 1P ){1—cos[(Ef/h—w)r] e }: (N, — Ni)re

(Ej/h-w)” Ej/h-w

— cos[(Ej/h — w)r]
(Ej/h - w)’

1
(Ie2l? = leal®)

=Sl - fey 2L R ) /2]
' (Bi/h—w)’

Energy level E; is densely distributed
so that we regard it as a continuous variable E.

=2["(c? = lea|®) o (é%h a;?/z p(E)dE [,o(E): distribution density of E]

[00]

—9 j(|0(1)|2—|0§j)| )M/}(Q)dg [QEE/h—w ]

o(Q) is regarded as a constant, compared with the variation of sin?[Qt/2]/Q2.
(Ic,9 2 = |c, D) is also regarded identical for each j.

QOt/2
= 2(c;I? ~ les2)p fsm[ﬂ—T”

N,:The number of atoms at the lower state around Q2 = 0 ie E~ho
N,: The number of atoms at the higher state around Q=0

T
dQ = 2(N2 N1)7 = (NZ - Nl)T[T

Zjleal? ~ el 7 = [ (el ~ el 5 p(2) d = 0

The imaginary part is an odd function around QQ = 0 - zero as a result of integration.

—i(Ej/h—w)T -1
E]/fl — W

< lI',alpllpa >=—jk < q”al z Ilpa >=0
J

<h|z|d>=<d|dh><d|h>=0
<%, 0|4 | ¥,(0)>=0
J



a(ty + 1) = alty) + d(to)%(Nz — Nyt [ g = 2K2m : gain coefﬁcient] 10

On the other hand, a(t, + 1) = a(ty) + %T for r<<1
da

=L, - Nya = [ a = e/

Mean photon number

The short-time evolution of the mean photon number 7 is
ity + 1) =< W(to) Aty + D |P(to) >=< P(to)|aT(ty + 1)a(to + 1) [P (to) >
=< W(ty)|{at(to) (1 + 0T) + PTHa(to) (1 + M) + P} W(to) >
=< W(to)[{aT (to)alto) (1 + ) (1 + 1) + at(to)(1 + OT)P + a(te) PT(1 + 1) + PTPYW(¢) >
=< Wr(to)|aT (to)alto) |Pr(to) >< Wal(1+ OT)(1 + 1) |Wy >
+< Wr(to)|at (o) |Pr(ty) >< Wal(1 + IT)P|w, >
+< Wr(to)|ato) |Pr(to) >< WalPT(1 + )| Wy >
+< W, |PTP|W, >
= A(ty) < Wal|(1+ 0O7)(1 + )W, > +a*(ty) < Wal(1+01)P|W, >
+a(ty) < Wa|PT(1 4 M)|Wy >+< Wy|PTP|W, >

< Wa|(1+01) (14 1) [Wa >~< Wa|(1+ 0T + )Wy > [ Higher-order terms are neglected.]

—< W, |{1 42 _aahy Lo cosl(/h — w)] Yy >=1+g(N,— N
al{ K Z(T[ T[J 7TJT[]) (Ej/h—a))z H%a g(N, T

< Wu|PT(1410)|Wa >=0 ot =1

Sis ) O+ ei(Ej/fl—a))T -1 © )e i(E]-/h—w)‘r -1

< Y |PTP|¥W, >= < WY ZA- EA Yy >
al |'¥a K a|{.7T] E/h— H E/h—w HWa
]

|e (E /h w) 1|2

— .2 ~(0)t~(0) —
=K Z] < lpalT[J T[] |l'pa (E Jh—w)? = gNzT

{ei(Ej/h—w)T — 1|2 = 2 — 2 cos[(E;/h — w)t] = 2{1 — cos[(Ej/h — w)r]}}

n(ty + 1) = n(ty) + n(tg)g(N, — N)T + gN, T



Each term can be interpreted as follows: 11

fi(ty) - Initial photon number

: Photon-number increase proportional to n and N, stimulated emission

n(to)gNy 7

— n(ty)gN; « : Photon-number decrease proportional to n and N,

absorption

spontaneous emission

+gN,7 : Photon-number increase proportional to N,
® 1% 10> ® | >
. ¥ .'.- > .“":.” ‘.’:-..b y X N/ g > - "‘:.’ ”'.iw....>
AN =
| 4> ® | 4>
h 1>
absorption spontaneous emission

stimulated emission

dn
On the other hand, 7n(ty + 7) = n(ty) + PT

Thus, % = g(N, — N;)nn+ gN, < locally generated photons
T

amplification
with gain coefficient g(N, - N,)

The solution is:
A(t) = 7(0)eIWN2=Nt 4 g fot N, (ty)edM2=ND(t=to) gt =

amplified signal spont$eous emission

where
t (N2—N1)(t-to) _ w ~ _
gfo Nz (to)ed' "2~ it dty = gN, g(N,-N;) (G — Dngp

: population inversion parameter (noise factor)

nsp = N,

Amplitude fluctuation
Fluctuation of the light amplitude can be evaluated by the variances of the real and imaginary parts of

the annihilation operator (Chap. 1V).

é=)21+i)?2
e e : 2 o 2 o 2
aT=x1—|x2 22:%(5_37) —> Oyp =<Xp >—<Xp>" (imaginary part)
1

s L1 . o 2
Xl:E(aJraT) —» o =<%’>—<%>% (real part)

They are calculated as follows.



< 22 (to + 1) >= 5 < Wol{alto + 1) + &' (to + DHalto + 1) + &' (to + D)} ¥ > 12
= %{< Wola(ty + v)a(ty + 1)[Wo> + < Wola(ty + D)at(ty + 1) Wo>

+< Wolat(ty + T)a(ty + T)| Wy >+< Wolat (¢, + DAt (ty + 1) |¥, >}

< Wola(ty + D)alte + )W >=< ¥ |{a(te) (1 + 1) + PHa(te) (1 + 1) + P}, >

=< W (to)]a(te)alte) |Wr(to) >< Wal(1 + M) (1 + 1) |¥, >
+< Wo(to)]a(te) |We(to) >< Wal(1 + MP+P(1 + 1)|¥,
\ ]

T Y

0 0
~< Wr(to)]a(to)alto) [Wr(to) > {1+ g(N; — N1}

>+< W, |PP|VY, >
\

J

< Wola(ty + v)at(ty + 1)|Wo >=< Wyla(te){(1 + 1) + PYat(te){(1 + T1) + P}, >
=< W (to)a(te)al (to) | (to) >< W,|(1 + M)(1 + 1) W, >
+< lPr(to)la(to)N’r(to) >l< lPal(]- + ﬁ)P-I-llpa >,

)|

0
+< Wi (t) 18T (60) | Wr (to) >< Wal P(1 + ITT)| Wy > + < W, |PPT|Y, >

T

0
~< Wi(to)|a(te)al (t) [We(to) > {1+ g(N, — Ny} + gNy 7

PP S 2 < W Z A e—i(Ej/h—w)T ~1 Z L ei(Ej/h—w)T _ . o
al |Wa >=k al{ ' T E/h—w H ' fi; E/h—w W,
J j

Iei(Ej/fl—w)T_llz

(Ej/h-w)?

=Kk2%; < Wa|fjft] |¥a > = gN;T

< Wolat(ty + Dalty + )Wy >=< Wolat(t){(1 + 1) + PTYa(t){(1 + 1) + P} |¥, >
=< W (to)at (te)alto) |Pr(to) >< Wl (1 + I1) (1 + M)W, >+< W, |PTP|W, >
~< Wi(to)|al (t)alto) |We(to) > {1+ g(N; — Ny)T}+ gN,t

<Wolat(ty + Dat(ty + 1)|Wo >=< WylaT (t){(1 + TOT) + PT}af (t){(1 + OT) + P}, >
=< W (to)|at (tp)at (L) Wi (to) >< W,|(1+ 01 (1 + OT) | W, >+< ¥, |PTPH|Y, >

~< Wi (tp)]at (to)at (to) [P (to) > {1 + g(N, — Ny)7}

[< Wr(to)la(to)alto) [Wr(to) > {1+ g(N, — Ny}
+< Wi (to)lalte)at (to) Wi (to) > {1+ g(N, — Nt} + gNyT

NN

< R2(ty + 1) >=

+< W (to)|at (tp)alto) |¥r(to) > {1 + g(N, — N)t}+ gN,T

+< WL (to)]at (t)at (to) Wi (to) > {1+ g(N, — Ny)T]



1 13
=< W (t) |2 (to) | Wi (o) > {1 + g(N, — Nt} + ZQ(N1 + Ny)t

On the other hand,
< #1(to + 1) >2={< Wolalty + 1) + &l (to + )|y >}

= 2 {< Wolalto + T)|Wo >+< Wola' (to + 1) [Wp >}
1
= 2 [< ()8t [P (t) > {1 +5 (N = N))
+< Pr(to)|at (t) [Wr(to) > {1 + 5 (Ny — Ny)T}]?

1
= Z{< Wr(to)ato) [Pr(te) >+< Wr(to)|at (te) |Wr(te) >3{1 + % (Ny — N1}

1
~ Z{< ‘Pr(t0)|{&(t0) + aJr(to)}llpr(to) >} {1+ g(N; — Ny)t}

= {< Wr(to) |21 (to) [Wr(to) >3 {1 4+ g(N, — Ny)7}

Therefore,
02 (tg + 1) =< RZ(tg + 1) >—< %, (tg + 1) >?

1
=< q’r(to)lff(to)lwr(to) > {1+ g(N, — Nt} + Zg(N1 + Ny)t
—{< Wr(t) %1 (t) [Pr(to) >}* {1 + g(N, — Np)1}

=[< lIJr(t0)|9?f (t0)|‘11r(t0) > —{< Wr(to) %1 (t0) [Wr(to) >¥1{1 + g(N, — N;)1}
+5 9Ny + Nyt

1
= 02 (t){1 + g(N, — Ny)7} + ZQ(N1 + N)t

From this equation, the following differential equation is obtained.

1
=g(N, — Nl)o-ygl + Zg(Nl + N3)
<+

t
1
021 (t) = 071 (0)eI N2t 29W1+ Nz) f eI N2=N)(t=to) gt
0

eg(Nz—N1)f -1

1
= Gfl(o)eg(Nz_Nl)t + Zg(Nl + Ny)

g(Ny — Ny)
_ 2 1N;+N, _
= Go%(0) + oyt (6= 1) M-
= —1=2ngy—1
N, —N, N, —N, "'sp

= Go2(0) + %(Znsp - 1)(G-1)

amplified noise additional noise




In summary, 14

amplitude dout = VGajp

..................

photon number flout = Gty + (G — Dngp

(amplified photon) (spontaneous emission)

amplitude fluctuation of(out) =Gofy (in) +——(2ngy —1)

(amplified noise)  (additional noise)

The above amplification process can be illustrated in the complex amplitude space (constellation) as

Im[E]

(input state)

Here, the input light is supposed to be a pure coherent state.

In this case, the amplitude variances of the input light are: a)%l(in) = gfz(in) = 1
4

Then, the amplitude variances of the output light are:

2, (out) = o2, (out) = %G +GTl(2nsp 1) = % +%(G ~1)ng,
l_Y_l
(var. of a coherent state) (additional variance)
This expressions can be interpreted as:
“the amplified light is composed of a coherent light and spontaneously emitted light”.

Im[E]
(coherent light) Im[E]
(spontaneous light)
. S I Re[E]
- e Re[E]



A coherent state corresponds to a noise-free light in the classical world. 15
Thus, the above consideration suggests that the transfer function of an optical amplifier can be
classically expressed as:

Eout =VGEin +Egp

I 1

amplified signal light  spontaneously emitted light
(or amplified spontaneous emission: ASE)

where the mean value and the variance of ASE light are given by

<E,,>=0 .
P 1 hf : one-photon energy
<{Re[Esp]}2 >=<{|m[Esp]}2 >— E((; ~Dngp x (hf x Afgp) Af,: frequency bandwidth of ASE

hf is multiplied because the energy unit in the above discussion is one photon.
Afg, is multiplied because the above discussion is for one resonance mode.

Amplitude fluctuation is evaluated in the above.
Photon number fluctuation (i.e., intensity fluctuation) can be also evaluated with similar calculations.

However, the derivation is rather complicated, and we just show results below.

o2 (out) =< A(out)? > — < fi(out) >?=< a7aa"a(out) > — < aT4(out) >2

=Gniy + (G —Dngy +2G(G ~Dnipng, + (G —1)*n&, + G {< A% (in) > - —nin}

signal shot noise T signal-spontaneous beat noise T amplified excess noise
spontaneous shot noise spontaneous-spontaneous beat noise

Noise Figure (NF)

The noise performance of an amplifier is usually indicated by “noise figure (NF)”.
We describe NF of an optical amplifier in terms of quantum mechanics in this section.

The noise figure is generally defined as:

(SNR)in (S/N)in
F= = .
(SNR)out ~ (S/N)oyt (SNR);y = I> &> (SNR)ou

where  SNR: Signal-to-Noise Ratio, S: Signal power, N: Noise power

Historically, SNR is evaluated in terms of the photo-current generating in direct detection,
which is equivalent to SNR in the photon number.

TS e '—> photo current o< light intensity o< photon number



In our situation, 16

[s= (mean photon number)2 = <A >2

. 52 A2
N = the variance of the photon number = 5,2 = <N~ >—-<n>

From the previous results,
[ Sou =< A(out) >*={Gn;, +(G —Dng,}*

Nout—Un Gny, +(G - 1)n +2G(G - l)n,nnsp+(G 1) nSp+G {<n (in) > n,n Nin}t

Usually, {n, >> ng,, G >> 1} and then the above expressions are approximated as:

sp?

{ SOUt ~ G nln
Nout # 2G(G —Dniyng, = 2G%mng,  (iie., signal-spontaneous beat noise is dominant)
Then, Gzng N

GznonSIO 2N

On the other hand, (SNR);, cannot be specifically expressed in general, because it depends on the
input light state.

In order to indicate the intrinsic noise property of amplifiers, the input light is usually assumed to be
ideally clean light, i.e., coherent state.

(SNR)out =

2
Sln nln
Nip =<a|i|a>-<a|f|a>2=<a|dlad’d|a>-<a|f|a >

—<ala’@fa+Da|a>—<a|n|a>?

Tas 2

=<a|&'a aa|a>+<a|a ala>-nf,
“al* +<a|f|a>-nd
2 2
Then,. n2 = Nin + Nin —Nin = Nip
(SNR)jy = =y
Nin
From the above equations,

_ (SNR)In _ Nin =2n
- - — &lls
(SNR)out Nin /Znsp

p

Usually, the dB-representation is used for the noise figuréNF)gg =1010g;0(NF) =10log;(2ngp)
By the way, n, in the above expression is:

Np _ 1 N,: the number of atoms at the upper energy state

Ngp = >
PNy, -N; 1-N{/N, N,: the number of atoms at the lower energy state

Thus,
NF>2 (3dB)

NF = 3dB is the quantum-limited noise figure of amplifiers.
Any amplifier based on light-atom interaction cannot show better noise performance than NF = 3dB.



