I11. Quantization of electromagnetic field 1

Using the formulas introduced in the previous chapter, this chapter describes lightwave in terms of
quantum mechanics.

First, the general scheme how to write a physical quantity operator is introduced.

Next, a harmonics oscillator is quantized according to this method.

Subsequently, light is quantized, following the way of quantizing a harmonic oscillator.

Canonical guantization (the procedure of transformation from a classical to a quantum worlds)

In classical mechanics, the position x and the momentum p are the two fundamental physical quantities
for expressing physical systems. An arbitrary physical quantity A can be expressed by x and p:
A=A, p)
A typical example is the energy of a physical system, H.
H = H(x, p)
The canonical quantization is a method of quantizing physical quantities as;
First, a physical quantity is expressed by {x, p} in a classical way,
and then{x, p} are replaced by operators {X, p } that satisfy
[%,P] = ih (This relationship is presented in the previous chapter.)

Harmonic oscillator

A harmonics oscillator is a physical system that moves in a sinusoidal manner,

which can be quantized as follows.
We consider a spring oscillation as an example of a harmonic oscillator.
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X: position
m:mass
k:spring const.

Sinusoidal oscillation with angular frequency o = \/E
m

The classical energy of this system is:

1 2 v: velocity
- kinetic energy: = mv? _P =mv: t
p = mv: momentum
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The energy operator: | = P, M@ X

2m 2
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Eigenvalues of this energy operator, i.e., possible energy values, is derived as follows.
First, the following operators are introduced for the derivation.

1 / h
d=——(mwx +ip = [—(@t+a
thw( P) - me( )
at = —2 = (mwXx — ip) p=1i ’m_h‘”(“r_a)

(4 and 4 Tare hermite- -conjugated)
(4= al thus & and aTare not Hermitian operators = not observable)
The energy operator is expressed by{a, aT} as

~ 1 mhw mw?
A=—-— t b4
2m 2 2mow (a +a)(a a)
hw hw
= ——(anaJr —ata—aat dd) + T(&Tcﬁ +ata + aat + aa
=22(ata +aa") ="2(ata+aat - ata +ata) =2 (ata + [a,a" + ata)
1 /s at1_aat _atas I
— ho (&Ta+5> [a,4']=4a'-4'4
1
=S — {(mwX + ip)(mwX — ip) — (mwX — ip)(mwx + ip)}
o (—D)2ma(%p— P) = — 1 [2.P] = 1
=5 D2mw(xp - px) = -+ %P
uncertainty relationship /

Here, we introduce an operator defined as +
=4'a [ﬁTz(éTa) :éTé:ﬁ}
A is an Hermitian operator.
Thus, an arbitrary quantum state can be expressed by a linear combination of eigenstates of i .
Using i, the energy operator is rewritten as

H=h “+1
=nwln >

This expression indicates that it is good enough to derive eigenvalues of fi for obtaining energy eigenvalues.
Thus, we will discuss eigenvalue/eigenstate of i in the following.

Aln>=n|n> n: eigenvalue
[n>: eigenstate
The inner product with |n>

left: <n|fi[n>=<n|a’a|n>=[a|n >

—» n=[4|n>|*>0  non-negative
right: <n|nfn>=n<n|n>=n



We operate & onto the eigenvalue/eigenstate equation.
left: an|n>=4aTa|n>=(@aNa|n>=(@a+na|n>=(@+na|n>

right: na|n >

ags

AA|n>+4|n>=nd|n>

From the definition,

an eigenstate with an eigenvalue of (n—1) is|n —1>

aln>=+/n|n-1>

& is an operator that decreases n by 1

«—

annihilation operator

From the above,

Eigenvalue of 1, n, is non-negative.

ajn>=+/n|n-1>

ajn>=c,|n-1> [cn:proportional const.]

l (inner product with itself)

<n|éTé|n>:<n—1|cn*cn|n—l>

—

@nsecutively operate a onto |n>

<n|i|n>=c, [P<n-1/n-1>

2
n=[cy |

Cp = Jn Phase can be O_Without
loss of generality.

n is a natural number.

If n is a natural number > aj0>=0
g
k n is a natural number for n to be non-negative

Similarly for al

Aln>=n|n>

left: aTA|n>=a"

right: nal |n>

ags

atain>=aT@%a)|n>=aT@a" -y n>=ma’ -a"|n>

]

. —» 4| n>isan eigenstate of i , with an eigenvalue of (n — 1).

~

dn>=vnn-1>- aynjn—1>=yn(n—-Dn-2>- - ﬁ\/%ln—m>

If n is not a natural number > 4|0.5>=+0.5|(-0.5) > n becomes negative. NG

_/



a’ —a"y|n>=na|n> 4

na ' |n>=(n +1)éfr |n > — al | n > is an eigenstate of 1, with an eigenvalue of (n + 1).

d_|n>=(n+ha_|n> | \

alIn>=d,|n+1>

v

<n|&a’ |n>=d, 2
<nj@'a+1)|n>=d, [[é,éT] —aa’ —aTaJ
1

<n|(Ai+)|n>5d, [?

éT|n>=\/n+1|n+1> D E—

aTisan operator that increases n by 1

n+1=|dp, %
creation operator ¢
dy=vn+1
._ ......................... f— .’

Utilizing the above results, eigenvalues of the energy operator are obtained as;

. 1
H—hw<n+5>

~ 1 1
Hn >= ha)(ﬁ+5> In >= hw<n+5>|n>

1
eigenvalue E, = hw (n +§> (n=0,1,23,,,))

Energy eigenvalue of a harmonic oscillator.

_ discrete in the quantum world
Energy of electromagnetic wave
Now, let us describe an electromagnetic wave quantum-mechanically, based on the previous section.

First, we will see that the structure of the expression of the energy for an electromagnetic wave is

similar to that for a harmonic oscillator.
Subsequently, electromagnetic wave will be quantized, following the quantization of a harmonic

oscillator.
An electromagnetic wave is classically expressed as

Eo

E. (2.t) = Eqel ko) , gg-itkz—at)
(20 =E TEo where Bg=—
c

By(2,t) = Boel (- | glg-ilka—ot)

(rewrite)

Ey(z,t) = A{iaei(kz_a)t) _ ia*e—i(kz—a)t)}

A . _ | hw  constant for a to be non-
By (z,1) = Dfjael(k-at) _jg"gmikz-at)y A= 2¢,v  dimensional.
c

a: normalized amplitude



The classical energy of an electromagnetic wave is

1
H = [(0EX + oH )av

v
_ &R Ij_(Ez .\ 1 82)dz R: cross section area in the x-y plain
2 5 N souo ) L: length along the z direction
Lo
= 80RI EXdZ
0

L i * i * *
— _AngRJ‘{aZGZI(kZ—a}t) + (a )Ze—ZI(kZ—a)t) —aa -a a}dZ
0

L * *
=A% R[{2|a|? cos[2(kz — wt) + 20] —aa” —a a}dz
0

N J\ J
Y Y
oscillating around 0 << linearly increasing
L

L * *

~ A’syR[{aa" +a a}dz
0 3 * *

[(aa +a a)dz R

= AzgoRL(aa +a a)

[cos[2(kz—at) +20]dz

= hTw (aa™ + a*a)
— z

Here, we decompose a into the real part q and the imaginary part p as

—; 1 * 1 .
a—m(a)q+lp) a _m(wq—lp)

Substitute them into energy H.

1
H="(p"+0%)

| The same structure

On the other hand, the energy of a harmonic oscillator is classically written as withm = 1

H :i p2 +1ma)2X2
2m 2

(p: momentum, x: position, m: mass)

1

An electromagnetic wave can be quantized similarly to a harmonic oscillator.




Quantization of electromagnetic wave

Comparison of the energy expressions of an electromagnetic wave and a harmonic oscillator

EM wave harmonic
p & p
[== X

From this relationship, {p, q} of electromagnetic wave are quantized as {p, X} of an harmonic
oscillator as:

p—>p
q—4

with

(4, P]

ap - pq = ih
According to the quantization of {p, q}, {a, a} are also quantized as:

R ) o I e o _
a—a=7==(wj+ip) annihilation operator satisfying 4a|n>=+/n|n-1>

(w§ — ip) creation operator satisfying al [n>=+/n+1|n+1>

Let us confirm the commutation relationship.
PPN PPN At A 1 ~ . A A . ~ . A R
[a,a'] = aa’ — a'a = —{(wg + iP) (wq — ip) — (0§ — iP)(wq + iP)}
1

= 5= (@*¢° — iwdp + iwp] + p* — 0*§* — iwqP + iwpq — P?)
O AT
=-zlapl=1 [4,a"1=1
According to the above quantization, the energy of electromagnetic wave is quantized as:
1,2 22 v ol 200 1 hew o oo
H = — + —> H = — + = |- — — -I- 2 2_ 1- 2
2(|0 w°q”) 2(|0 w°q”) S-—5@-ah +eo—(at+ah)
hw At A

= (aat + ata)

Similarly to a harmonic oscillator, we introduce an operator defined as:
n=a'a
which is an Hermitian operator, and has its eigenvalue/eigenstate as:
Aln>=n|n>

- n is a measured value of physical quantity A.
- nis a natural number (n=0,1,2,3,,,,)



Using i , the energy operator is rewritten as

H=h “+1
=nwln )

Subsequently, the energy operator of an electromagnetic wave has eigenvalue/eigenstate as
—~ 1
H|n >= hw<n+5> [n >
This equation indicates that energy values of an electromagnetic wave are discrete, and is written as

En=hw<n+%> (1=0,1,23,,,,)

Here, we should recall that the energy of lightwave has a minimum unit (i.e., photon) and thus is
discrete.

Also, the energy of one photonis hvor aw .
The above eigenvalues of the energy operator indicate these postulates.

Eigenstate [n> represents the state of light whose energy value is aw(n + %)
or whose photon numberisn .

This state is called “Iphoton number state”|or “Fock state”.

hw .
Note in the expression of eigenvalues that light has an energy of > even when it has no photon.

This is called “zero-point energy” originating from the vacuum fluctuation or the quantum fluctuation.
The details will appear in the next chapter.

Finally, an electromagnetic wave is quantized, based on the above discussion.

& , ’hw T i

This operator is an Hermitian operator.

hw
2€0V

Bt = —; {a'l‘e—i(kz—wt) _ aei(kz—wt)} _ B

This expression will be used in the following chapters.



