I1. Fundamentals of quantum optics 1

Various optical quantum properties originate from the fact that light energy is discrete and
there is the minimum unit of the energy, i.e., photon.

This chapter introduces the fundamentals of quantum mechanics,

for the theoretical considerations in the following chapters.

Schrodinger’s cat

Suppose that we put a cat into a box with a poison food and then seal the box. The poison is so strong
that one bite instantly kills the cat. The sealing is perfect, and we cannot observe the cat’s state from the
outside at all.

When we open the box to observe the cat’s state, we get to know whether the cat is dead or alive.

Then, here is a question; what is the cat’s state in the sealed box before observation ?
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Answer #1: The cat is either alive or dead. It is determinative though not observed.
Answer #2: The cat may be alive and dead.
We do not know which, thus it can be alive and dead. Both is possible.

Quantum mechanics adopts A2; the cat in the box is alive and dead.

Cat in the box = ax@ + bx Quantum mechanical superposition state

alive dead
where, a and b are coefficients representing the probabilities.

When we open the box and look at the inside, the cat is dead or alive (either one of them).

Cat in the box = ax@ + bx (probabilistic)
|

observation

Cat in the box = @ or (deterministic)




The point in the above story is; “A physical state is probabilistic.” 2
For example, an electron confined in a small area is;

guantum mechanics

classical mechanics

I

The position cannot be identified.
Instead, the probability
distribution is given.

—
observation

v

The position is determined

In quantum mechanics,
- A physical state is probabilistic; a state can be plural conditions at the same time.
- A state changes to be deterministic when observed.

Single-photon state through a beam splitter

Suppose that an optical pulse of one-photon energy is incident onto a beam splitter (BS).
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When we measure the light energy at the BS outputs, one photon is detected at either one of the output
ports, not both because a photon is the minimum unit of the light energy.
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Here is a question: “What is the photon state just after the beam splitter (before detection) ?” 3

This situation is similar to the cat in the box in the previous section.

The quantum mechanical answer is
“the photon is a superposition of a photon at the transmission port and that at the reflection port”.

The photon after the beam splitter = ax (trans.) +b x (ref.)

Note

A state should not be deterministic in principle for being “superposition state”.
For example, a photon that is randomly switched according to random numbers is not super-positioned.

SW The photon position looks random,
—->@® i but it is deterministic in principle.
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not superposition state.

A photon possibly goes through

il 1) BS1 — short path — BS2 — port A
':';':' 2 2) BS1 — short path — BS2 — port B
BS1 B: 3) BS1 — long path — BS2 — port A
\ : t2 tl 4) BS1 — long path — BS2 — port B
® _>. ........... B S Seeenes » i

BS2 1 A ~

: : Output state = ax (photon @{A t1})
T > . +b x (photon @{B, t})
a y +cx (photon @{A t5})

+d x (photon @{B, t>})



Here, suppose that a refractive index plate is inserted on the longer path. 4

The photon’s routes are the same as the above.
However, the output state should be different
because of the refractive index plate.

; We want to express this difference.
BS1 B: Co Here, we assume that coefficients as complex numbers.
. _& ........... N I > g :
: 8% A A Output state = ax (photon @{A, ;})

+bx (photon @4B, t;})

Yo H ..... . : +ce' x (photon @A, 1)
é /f + de'g x (photon @{B, t»})

refractive index /I\
plate phase shift due to the index plate

Then, the probability of each state is given by the absolute square of its complex coefficient.

probability of (photon@{A, t,}) = |a? probability of (photon@{B, t,;}) = |b]?
probability of (photon@{A, t,}) = [c]? probability of (photon@{B, t,}) = |d?

[ Note:|a|2+|b|2+|c|2+|d|2:1]

- Coefficients of a superposition state are complex numbers.
- The probability of each substate is given by the absolute square of its coefficient.

Next, we reconstruct the above system as below.

BS1 A photon possibly goes through

° _& ........... >é 1) BSI —> upper path — BS2 — port A

2) BS1 — upper path — BS2 — port B
3) BS1 — lower path — BS2 — port A
4) BS1 — lower path — BS2 — port B

: v
v AL
a ----- H ----- }\' secp
plate vB Output state @A = ¢; x (photon via route 1)
+ €3 X (photon via route 3)

At port A, the substates of (photon via route 1) and (photon via route 3) are indistinguishable.
We do not know whether a photon at port A passed through route 1 or route 3.
Thus, they are merged to one state as

Output state @A = ¢; x(photon via routel)+ c3 x (photon via route3)
= (€1 +¢3) x (photon@A)



Then, the probability of a photon being at port A is given by
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|cy+c3|“=cy | +|c3 | +2Re[cic3] cp=cy e
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This probability is dependent on the relative phase between the upper and lower paths.

photon probability

0, 6,

The above situation is equivalent to one-photon Young’s interference.

Polarization state of a photon (another example of superposition state)

Suppose that light with one-photon energy is incident onto a polarization beam splitter (PBS).

att.
I — —p> . =)
ﬂPolar!zatio_n state of light] _ _ \ @rizaﬁon beam splitter (PBS)] \
The electrical field of lightwave oscillates in a

_ AHHAtes 1 An optical device that splits incident
plane perpendicular to the propagation direction. light into horizontally and vertically
The manner of the electr.ical field oscillgtiqn in oscillating components

the perpendicular plane is called “polarization”. PES
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Through the PBS, a photon goes to either one of the two output ports. 6
In accordance with the function of a PBS, it is reasonable to regard a photon at the
transmission/reflection ports as a photon in the horizontal/vertical polarization states, respectively.

PBS PBS

|

Here is a question; “What is the polarization state of a photon just before the PBS ?”

2

N / att PBS Polarization state consists of two
components, but a photon cannot be
I — decomposed.

Answer: a superposition of the horizontally polarized photon and the vertically polarized photon.
photon state before PBS = Cy x (horizontal photon) + ¢, x (vertical photon)

Coefficient {cy, ¢} should be consistent with the polarization state before the attenuator.

+45 diagonal /!

/ att
1 1
I — U - @ E>< (H state) +EX (V state)
Eoe't (11)

{ % is attached for the total probabilit y to be unity. J

normalization constant

N

-45 diagonal att

N
1 1
I —»U-». E><(Hstate)—Ex(Vstate)

Eoeia)t (1’ei7l')

right circular / att

1 [
I _,U_,. Ex(Hstate)jLﬁx(Vstate)




left circular

\

J2

x (H state) — LI (V state)

J2

Note that the way of expressing the photon polarization state is not unique, as shown below.

Suppose that a A/4 plate is placed before a PBS,
and regard {\/4 + PBS} as one measurement system.
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Because of the A/4 plate,
the right circular state definitely goes to one output port, and

the left circular state definitely goes to the other output port.

M4 pps

»

On the other hand,

»

m plate]

vice versa.

An optical device that changes the
polarization state from linear to circular and

L

to which port the photon goes is probabilistic for linearly polarized states.

M4 ppg
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In this measurement system, {right circular state, left circular state} work as the same way as
{horizontal linear state, vertical linear state} in the previous system.

\

The photon polarization state can be regarded as a superpositioned state of the right and left

circular states.

photon before {A/4 + PBS}= CRr x (right circular state) +c, x (left circular state)

~
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Coefficients {cg, c_} are treated in the same way as for variable transformation.

(right-circular state) = % x (horizontal photon) + LI (vertical photon)

N

(right-circular state) = % x (horizontal photon) — LI (vertical photon)

N
<

1 . . 1 .
horizontal state) =—= x (right-circular photon) + — x (left-circular photon
( ) NG (rig p ) NG ( p )
) 1 ) ] 1 .
4 (vertical state) = —i{—= x (right-circular photon) — — x (left-circular photon
{ NG (rig p ) NG ( p )}
1 . . 1 .
= —x(right-circular photon) — — x (left-circular photon
| NG (rig p ) NG ( p )

Quantum states are evaluated by probabilities, and the probabilities are given by the
absolute square of coefficients, and thus (-i) multiplexed onto the whole does not matter.

Using these relationships,

(photon polarization state) = c,, X (horizontal photon) + c,, X (vertical photon)

=C, {% x (right-circular photon) + % x (left-circular photon)}

+Cy {%x (right-circular photon) —ix (left-circular photon)}

V2
C,+Cyi , . . C,—Cy )
x (right-circular photon) + % (left-circular photon
7 (rig p ) 7 ( p )
Cr CL

Whether the photon polarization state is regarded as a superposition of

{horizontal photon & vertical photon} or {right-circular photon & left-circular photon}
depends on the measurement system.

By the way, a measurement system is used for evaluating a physical quantity in general.

ﬁ4 PBS

a measurement system
for {right circular or left circular}

a measurement system
for {horizontal or vertical}




< 9
How to express a superpositioned state is dependent on a concerned physical quantity.
I
How to express a quantum state is dependent on a concerned physical quantity.

Complex Hilbert space

The previous sections qualitatively explains what is a quantum state and how to express it.
For theoretically and logically describing quantum states and analyzing their properties,
we need some mathematical frameworks, which are introduced in this section.

The mathematical stage for quantum mechanics is a (complex) Hilbert space,
which is a generalized version of an Euclid space.
First, we review an Euclid space.

Inner product: (r, *r,) = |ry||r,|cos¢ (alj (azj
y n= Iy =
A r— (a] =aqay + b_I.bZ bl b2
............................... ] - b
Length of a vector: | |=VaZ+b? = /(r-r)
eyT_» 0 X
€y a

Orthogonality of vectors:
(rp-ry)=0 <«—> $=90° «—> Iy and I, are orthogonal

There are unit vectors defined as

1 0 ey: unit vector along the x-direction
ey, = e, =
X 0 y

1 ey unit vector along the y-direction

- Its length is unity: |e,| =[e,|= 1
- They are orthogonal to each other: (e, -e,)=0

- An arbitrary vector can be expressed by a linear combination of the unit vectors:
r=aey +bey
- A component of a vector is given by the inner product with the corresponding unit vector:
(e,-r)=r|cosf=a (ex-r) =ex {aey +bey}
) or =a(eyx -ey)+b(ex-ey)=a
(ey-r)=r|sin&=b
(ey-r)=ey -{aey +bey}=b

An Euclid space is an actual space in the real world.
A Hilbert space is a conceptual space whose framework is the same as that of the Euclid space,
but components of vectors are complex numbers.



In a Hilbert space 10
- A vector is expressed as;

(o5} ,
Cy (ly>: *ket’)
Y >=1 . :
(¢;: complex number)
CN

- The inner product is defined as;

c
The inner product of [ >= 52 and |p> = d:z is <@|lYy>=dic, +d5c, + -+ dycy
Cn dN

Components multiplexed from the left side are complex conjugate. With this definition,

<yly>=c |2 +]co |2 Is a positive real number,

which is consistent with an concept that the inner product of a vector and itself is
the square of the length of the vector.

- The norm, that corresponds to the vector length, is defined as ||y > =< |y >

- The orthogonality is defined as; < |y >=0 <« |y > and | > are orthogonal

Similarly to an Euclid space, unit vectors ¢ are defined, which are called Tbasis”.

- Its norm is unity: Il ¢ > =1

<dlg> = g (Kronecher’s delta)
- They are orthogonal to each other: <g|¢>=0

- An arbitrary vector is expressed by a linear combination of the basis vectors

C1

(%)
Y >=c1l¢py > +ca|pp >+ +ey|py >=| .

CN
- A coefficient of a linear combination is given by the inner product with its basis vector.
< Bl >=< gil{crlgs > +ealy > + -+ eyl >} = [ <hg> = 5, ]

In other words, a space is formed based on basis vectors.



Ket state 11
Quantum mechanics utilizes a Hilbert space for expressing a quantum state (superposition state) as;

- Coefficients in a linear combination of basis vectors = components of a vector

For example;

- A photon state after BS: a
|y >=a|T>+b|R > :(bJ

|R>: reflected photon state

Where the basis is{ |T>: transmitted photon state

- A photon after split and combined:

ly >=al|Ay>+b|Bty > +c|Aty > +d|B,ty > ||3 t,>
BS1 BS?

o o T o

._> ........ %....
A
é |A t2 |A t1
%...oooo%
where the basis is = =

|A, t;>: photon at A via the short path
|B, t,>: photon at B via the short path
|A, t,>: photon at A via the long path
|B, t,>: photon at B via the long path

- A photon polarization before PBS:
ly >=cy|H>+cy | V> = CH /
Cv L / att. PBS

where the basis is
I - @ -
{ |H>: horizontally polarized photon } — o

|V>: vertically polarized photon



Bra state 12
Similar to mathematical Hilbert spaces, the inner product of two kets is defined for physical states.

< @lY >=djcy +dyc, + -+ dyey ¢ d,
This expression of the inner product is rewritten in a matrix form as W >= €2 o> d,
— E (p = R
dy Cn dy
<Plo >=cidy + C3dp + o+ chdy = (¢} ¢ )| %2
dN

The above equation indicates

<yl= (01* Cz*)

This <y, which is written in the left side in inner products, is called ¥bra vector” of “bra state’? or

Concretely, a bra is a 1-by-N matrix that originates from a N-dimensional ket with complex conjugating.

—| Summary

- A quantum state is a probabilistic superposition state.

- A quantum state is expressed by a ket vector in a Hilbert space.

- Basis vectors of a quantum mechanical Hilbert space are states for an observed subject
possibly to take.

- A ket vector of a quantum state is expressed by a linear combination of basis vectors.

- Coefficients in the linear combination are components of a ket vector.

- The absolute square of a coefficient in the linear combination gives the probability that

the subject takes the corresponding the basis state.

In the above, basis vectors forming a Hilbert space are phenomenologically introduced,
considering a concrete measurement system.
As physics, however, a general theoretical framework is desired, which will be presented in the

following sections.



Theoretical framework of Hilbert space 13

A Hilbert space is formed by basis vectors.
Here is a question; how to mathematically define basis vectors in general ?

The answer is; a physical quantity is expressed by an operator, whose eigenvectors turn to be basis
vectors that form a quantum-mechanical Hilbert space.

The above postulate is explained step-by-step in the following.
As the first step, the theoretical framework of mathematical Hilbert spaces is described.

- Generally, there is a matrix that changes a ket vector to another ket vector as

a1 a2\ a11C1 +a12C) dg . . .
Aly >= ( = = =[¢ > (in case of a two-dimensional space)
a1 agp \Cp) @€ +agcy) \d

- Such a matrix is called “joperators’], and denoted by A (|A hat).

Aly >=| >

- A matrix (operator) has eigenvectors and eigenvalues.

|¢>: eigenvector

Alg >=a; > ;
| >=ai | 4 a: eigenvalue

- Generally, an operator A has its Hermitian conjugate operator, which is expressed as Al

Suppose that A operates on an arbitrary ket |y >
. a a C a11C1 + »C
All//>=[ 11 12}[ 1}2( 1101 + 12 2}
axn axn A\C2 a16 +aCs
A| w > turns to be another ket vector, the bra of which is written as

* *

A a11C1+a]_2C2 *  * *  *x *  * * % * *| a a
Aly >= Tora’ Ba1C1 +812C2 8210 +axpCz /=101 C2 e
ap1C +agycy ) bra a1y ap

I
Hermitian conjugate of A

which is denoted by AT

In General, an Hermitian conjugate of A is an operator satisfying the following relationship

(braof Aly >)=<w | AT

In a matrix expression, an Hermitian conjugate is a transposed matrix with complex conjugate.

A Af
aj1  agp Hermitian conjugate afl azl
* *
a1 axp ap ag

(Intuitively speaking, Hermitian conjugate is complex conjugate of a matrix or an operator)



- An Hermitian operator is an operator whose Hermitian conjugate equals to the original operator. 14

Hermitian operator: AT = A

- Eigenvalues of an Hermitian operator are real numbers.
Aldi >=ai |4 >

(Hermitian operator)  (real number)

ﬂuppose that A has eigenvalue/eigenvector of {a, |¢>} \

proof Alg>=al¢> (1)

Inner product with |¢>
<plAlg>=a<g|s>

On the other hand, bra of Eq. (1) is

<g|Af=a"<g| )
Inner product with |¢> —> a<glg>=a <p[4>
<p|AT|p>=a" <g|p> v
v (Hermitian) v

\\ <¢|A|¢>:a*<¢|¢> aisarealnumbej

- Eigen vectors of an Hermitian operator are orthogonal to each other.
Al >=2q|dh >
Aldp >=az|dp >

A : Hermitian operator
a4 #ay

—_

J — —> <hlh>=0

—

Suppose there are two sets of eigenvalue/eigenvector

Al >=a | > Algy, >=ay | ¢y > (a; # a,)
proof linner product with <g,| lbra
<hlAlp>=a <> <A =as <4

A is an Hermitian operator
a, Is a real number

v
<gp|A=ay<g|

inner product with |¢,>




« v 15
<b|Alg>=a, <o 1>

v
a<fplh>=a<f|h>

v
(&1 -a2) <dp |4 >=0

v
\ <¢p|h>=0 orthogonal J

- An arbitrary ket vector is represented by a linear combination of eigenvectors.

W >=cy|¢p; > +calpp > 43l >+ =3 ¢y > [ |#>: eigenvector ]
- A set of eigenvectors whose norm is unity is called “complete orthogonal system”.

¥ >=c1ldpy > +calpy > +esldps >+ =X |y > [ Alg >=ci | ¢ > ]

where < g | ¢ >=1 Kronecker delta
_ o >(<¢;i | 9j >=jj o
On the other hand, <¢|@> =0 for i #] S o 1 fori=j
U710 otherwise

- A coefficient in a linear combination of a complete orthogonal system representing a ket vector is
given by the inner product of the ket vector and the corresponding unit eigenvector.

< |V >=< ¢il{c1|p1 > ol > +csldpz >+

=c; < @ilp1 > +cy < il > +e3 < Pyl >+

-

The above postulates or properties indicate that unit eigenvectors of an Hermitian operator
are nothing else but basis vectors.

Then, a Hilbert space is formed by such basis vectors.

Components of a ket vector in a Hilbert space = Coefficients in a linear combination of basis
vectors.

Quantum mechanical Hilbert space

The theoretical framework of the above mathematical Hilbert space is utilized to describe quantum
states.



A mathematical Hilbert space is formed by unit eigenvectors of an Hermitian operator. 16
On the other hand, basis states forming a super-positioned state are states possibly to be taken, and
these states are determined by a measurement system, and the measurement system is determined by
a physical quantity to be measured.

(mathematical) (quantum mechanical)
Hermitian operator physical quantity <= measurement system
v v
unit eigenvectors = basis vectors possible states to be taken = basis states
v v
An arbitrary vector is a linear A quantum state is a superposition of
combination of basis vectors. basis states.

From the above similarity, quantum mechanics postulates that

a physical quantity is expressed by an Hermitian operator,

and then,
a quantum state is a superpositioned state of eigenstates of a physical quantity operator,
which is expressed by a ket vector in a Hilbert space formed by basis vectors of eigenstates.

Then, in accordance with the above correspondence,
the properties of basis vectors in mathematical Hilbert spaces are straightforwardly applied to basis
states of a physical quantity.

Besides, quantum mechanics postulates that
eigenvalues of a physical quantity operator are measured values of the physical quantity.
This postulate corresponds to the fact that eigenvalues of an Hermitian operator are also real numbers.

eigenvalue/eigenstate

physical quantity operator ~ measured value normalization/orthogonality
(Hermitian operator)  (real number) of basis states
Ald >=a; |4 > <¢i14j>=3j

measured state

K (eigenvector) /

/ guantum state \

N €1
C2
W >= ¢l > +ealdpy >+ eyl >= Y cilgy > =
i=1 N
where Cj=<d¢; |¥ >




Probability amplitude & average value of physical quantity

17

The previous section, where quantum states are qualitatively explained, says that the absolute
square of coefficients of superposition represents a probability.

This postulate is also applied to the ket vector representation in Hilbert spaces;

When a quantum state expressed by |\¥> = c¢,|¢> + C,|¢> + -+ + C\|4> 1S measured,

The probability of the state being |¢> is |c;|*.

Consequently, the following condition is made, because the total probability is unity.

> Cj |2 =1 normalization condition
i

Consequently, the norm of a ket vector representing a quantum state is;

<P >= {c] < 1l +c3 < Pql++ oy < duylHerlpr > +ealdpy >+ + cylpy >}

= Ycicj <dil4j >= Tcicjd; =2l I° =1
] 1] |

A quantum state is a superposition state (= probabilistic state) in general, and thus the result of
measurement on a quantum state is different for each measurement, which means that a measured
value of a physical quantity is stochastic.

By the way, a static variable is generally characterized by the average and the variance (or the
standard deviation).

Thus, we would like to theoretically express the average (i.e., ‘expectation value’ in another word)
of measured values of a physical quantity.

As a matter of fact, utilizing the postulates of “the absolute square of a coefficient in a linear
combination represents probability” and “eigenvalues of a physical quantity operator represent
measured values”, the average (or expectation value) of a physical quantity is expressed as follows.

the average of a physical quantity of a quantum state| ¥ >:< V| A| ¥>

@ is expressed by a linear combination of eigenstates of a physical quantity operatorh

|‘P>:ZCJ' |¢J >

J

\L(operate A)
Al¥>=3ciAl4 >=Scia | 4 > [AWJ >=aj |9 >}

1 1

\L(inner product with | ¥ >) [<¢| | 45 >= 5j ]
<‘PIAI‘P>=[Z_C? < @j |J(Zciai | ¢ >j=_Z_C]fCiai <gjldi>=3lci|* a
j i i j i

*
This is nothing else but the average of measured values.
(3 : measured value, [¢;/? : probability)

Here is a terminology; coefficient c; in a linear combination is called “probability amplitude!’.

M




Product state 18

So far, a system of one quantum (e.g., one photon) has been considered.
We can also regard a system including multiple quanta as one quantum state,
which is called “product state.”

Each quantum is a superposition state,

I.e., a linear combination of the bases that are eigenstates of a physical quantity operator of interest.
Accordingly, the whole system consisting multiple quanta is also a superposition of all combinations
of the bases of each quantum.

Ex.) A system consisting two quanta of two-dimensional superposition
{ly.>=cldg>+c, |4, > |y, >=d |p >+d,|p, >}

-

|\P>:C1d1|¢1>/?|§01>+c1d2|¢2>®|¢2>+C2d1|¢2>®|¢1>+C2d2|¢2>®|¢2>

(ANID) \ f

(basis of the whole system)

A product state is expressed as

|V >=y, >, @y, > Oly; > @

0

quantum b is in state |y,>

or
|V >=|y, >, |w, > v, >, (similar to “Xy” instead of “X X y”)

=y W, W, > (The order indicates quanta a, b, c, ....)

Theoretical framework for continuous physical quantities
Up to here, physical quantities having discrete values have been discussed.
However, there are many physical quantities that have continuous values (e.g., position of a photon).
This section extends the formula for discrete physical quantities to continuous ones.

A quantum mechanical superposition state is expressed by a linear combination of basis states, where
the absolute square of a coefficient represents the probability of the state being the corresponding
basis state.

This postulate is extended to continuous quantities as;

Quantum state for a discrete quantity: |¥ >=3.¢; | ¢ >
i

\L(summation -> integral)

Quantum state for a continuous quantity: | ¥ >=[da-y(a) | ¢5 >

|¢,>: state giving a measured value of a (basis state)

w(a): probability amplitude of a basis state giving a measured value of a



Basis states are eigenstates of a physical quantity operator. 19

A|¢a >=al gy >

These basis states are orthogonal to each other and their norms are unity.

Here, the “inner product” must be introduced for defining “orthogonality,” because states are called
“orthogonal” when their “inner product” is zero.

By the way, the inner product in discrete systems is written as

<WY'|V¥>= Zc'? Ci
i

which comes from normal and orthogonal properties of basis states; < ¢ |9} >= 5
< \P'| Y >= (Z< ¢J | C"} j{zci | ¢i >J = _Z_C',} Ci < ¢J | ¢i >= _Z_C'? Cié‘ij = ZC'?c Cj
J I 1] i, j i

The above expressions for discrete systems is extended to continuous worlds as follows.
First, the inner product for continuous variables is defined as

<W|¥ = [da-y'(a) p(a)

In order to have the above expression of the inner product, the following equation should be made.

Tdaty' (@) < gy |da > =v'(@)"

o0

because

<= ( Jday (@) < ga |j( Tda-w (@14, >] = [[da'da-y' (@) () < g | 4o >

The above equation is made by introducing “Dirac delta,” which is a hyperfunction satisfying
the following equation for an arbitrary function f(x).

[f(x)o(x—x)dx' = f(X) S(x-x)=0  for x’#x
—o —
Dilac delta
Expressing the inner product of basis states with this function &x) as < ¢, | g >=5(a—a’)

A0) itself is not defined.

we have
<W|W¥>=[[da'da-y' (') w(a) < g | 45 > = [[da'da-y' (@) y(a)s(a—a) = [da-y'(a) y(a)
Then, the extension from discrete systems to continuous ones is accomplished.

Using the above expressions, the average of a physical quantity A in a quantum state | ¥ > is written as
<¥|Al¥>=([day (@) <o, [)A([da-y (@), >)=[[da'da-y(a)y(@) <. Al >
= [[da'da-y (@) y(@a<p, |, > = [[da'da-y(a)y(@)as(a-a)

p— 2 d A
Ialw(a)l a [discrete system < W | A| W >= Y| ¢ |? 3 ]
i



ex) Position of a photon in an attenuated optical pulse. 20

A long rectangular pulse is attenuated to be one-photon energy, and the spatial position of a
photon in the pulse is measured after the attenuation.

att A

-_'_'

X X, X

Basis state is a state that a photon is at x: |g>

X2
The photon state is super-positioned of the basis: |'¥ >= [dx-w(X)[¢y >
X1

The probability amplitude is quoted from a classical plane wave: ¥ (X) = Ae
k: propagation const. @: angular freq. A: normalization const.
X2 X2
<W|W>= [y dx= [ IAP dx =l AP (xg—x) =1 = AR = 1/(x, - X))
X X

i(kx—at)

This example of a photon state suggests a concrete expression of the physical quantity operator of
energy or momentum as follows.

As mentioned in the Chap. 1, one photon energy is . 2r _ 2rmv
"1 ¢

E=hv=hw

h
h= 0 : Planck const. for angular freq

Let us multiply this to probability amplitude v .

e . a . d
i — i(kx—wt) — ;5 i(kx—wt) — jp
El/} hwAe ih atAe lh atl/)
suggesting that an operator representing energy is written as b= ihi
ot
.. . hv  h
Similarly, the momentum of a photonis p = — = Ek = hk
Let us multiply this to probability amplitude .
. ho . h 0
‘mih = hkA i(kx—wt) — ——A i(kx-wt) =
p‘/’ ¢ iox"¢ Tox?
: S . ho
suggesting that an operator representing momentum is written as | p = T 9%

On the other hand, position x does not have such a particular expression as an operator,
and its operator form is simply

<>
Il
x
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Uncertainty principle:
“Some physical quantities cannot be simultaneously and precisely determined or measured.’

This famous principle can be viewed from the present framework (i.e., Hilbert space and related things),
which is described in this section.

A quantum state is generally a superposition state (or probabilistic).
But in a particular case in which a given state is in an eigenstate of a physical quantity operator,

the measurement result is deterministic. No probabilistic for the measurement result.

att. PBS: physical quantity is {H, V}
I —_— - @ = e
V> = |H>

On the other hand, when another physical quantity is measured for the same state, the measurement
result becomes probabilistic, different for each measurement.

physical quantity is {L, R}
M4 pBs

—»U > eed i
|W>=— (|L>+|R>) :

The above considerations indicates that the physical quantity of {H, V} and that of {L, R} cannot be

simultaneously deterministic.
Uncertainty principle

Here, we can say that
the physical quantity of {H or V} and that of {R or L} are in an uncertainty relationship.

More generally,
when two physical quantity operators have different sets of eigenstates,

they are in an uncertainty relationship, that is,
these physical quantities are not deterministic simultaneously.

(intuitive image)

Y (x, y): Hilbert space of A
Y’ AT (x’, y’): Hilbert space of B
N\ w7 r=cey <— deterministic for A
\ : ) 5
\ ,9/./ =CccosO-ey +csin 0-e <— probabilistic for B
JJ-
X




The above criteria of the uncertainty principle, i.e., “whether two physical operators have 22
identical eigenstates or not”, can be mathematically described using “commutator,” which is
defined as

[A B]=AB-BA commutator

[AB]=0 <> AB=BA *+> A andB are commutative.

[AB]=0 <> AB=BA <+ A andB are noncommutative.

Using this notation, the following postulate is made.

“Physical quantity operators satisfying [A, B] # 0 have different sets of eigenstates.”.

/Suppose that A and B satisfying [A,B]=0 have an identical eigenstate. \

proof Alg>=alg> Blg>=b|g>
SupposeB operates on the left equation.
BA|g>=aB|g>=ab|g> —

Suppose A operates on the right equation. ‘_’ BA|4>=AB| >
AB| ¢ >=bA|p>=ba|¢> —

\
contradict to [A, B] = 0

\
\\ An identical eigenstate does not exist.

And thus,
"Physical quantity opearators satisfying [A, B]= 0 cannot be deterministic simultaneously.”

Uncertainty principle

Then, a next issue will be “how uncertain two physical quantities are”.

% J
y’ -
N X ‘
N\ a \
.\‘ /‘/ \
N o == X’
N X — X
The difference is large. The difference is small.

1 . 1
large uncertainty small uncertainty



The degree of the uncertainty is expressed also by the commutator as follows. 23

Denoting the averages of variances of physical quantities Aand B as < (AA)2 > and < (AB) >,
we have

A B142
<(AA)2 >< (AI§)2 >2@

[ The minimum of the product of fluctuations of Aand B is given by[A, B]. ]

proof

We first introduce operators AAand AB that represent fluctuations of physical quantities Aand B
being noncommutative each other as [A B] =0

A

AA=A-<A> AB=B-<B>

By the way, fluctuation of a stochastic variable x is generally evaluated by variance (<x> - <x>?).
Following this criterion, we consider < (AA)? >and < (AB)? > , defined as below, as indexes
representing fluctuations (or uncertainties) of Aand B.

<(AA)2>—<AA>2=<(AA)2> <AA>=<A-< A>>=<A>—<A>=0
<AB>=<B-<B>=<B>-<B>=0

< (AL5>)2 >—<AB>?=< (AI§)2 >

Here, in order to evaluate< (AA)? >< (AB)? >, we introduce operator D = tAA —iAB,
and evaluate the average of D'D.
< DD >=< (tAA+iAB)(tAA—iAB) > [ AA. AB : Hermitian operator ]
=<t2(AA)? +it(ABAA — AAAB) + (AB)? >
=t2 < (AA)? > +it < (B-<B>)(A-< A>)>-it < (A- < A>)(B-<B>) >+ < (AB)? >
= t2 <(AA)2 > +it(< BA>-<B><A>-<B><A>-<B>< A>)

—it(< AB>—<A><B>-<A><B>+<A>< I§>)+<(AI§)2 >
=t2 <(AA)2 > +it(< BA> —<B>< A>)—it(< AB>-< A><B >)+<(Al§)2 >
=t2 <(AA)2 > —it < ,5\I_5>—I_3»5\>+<(AB)2 >
=t2 < (AA)? > —it <[A B] > + < (AB)? >

By the way, the following inequality is made in general.
<XTX >:<‘I’|)QJr X |‘P>:H)2 |\P>H2 >0

Thus, <D'D>>0 — < DD >=t2 <(AA)2 > —it <[A, EA’>]>+<(AEA’>)2 >>0

\
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>0

A A 2 A A ~ A
- i<[AB]>)  <[A B]>2 +4<(AA)? >< (AB)? >
<AA> t— — | 5 5
2 < AA> 4 < (AA” >

J/[< (AA)2 >> O]

A Al N2 A A ~ -
(t_i<[A,B]>J +<[A,B]>2 +4<(AA)2 ><(AB)2>>

- - 0
2 < AA>? 4<(AA)2 >2

A A 2 A A ~ A
. _i<[AB]> . <[AB]>* +4<(8A)* >< (AB)® >
2<A>2 ) 4<(AA)2 2

i(The minimum of the left side is 0)

< [A, B] >2 4 < (AA)2 >< (Aé)z > <0
4<(AR)? > -
< [A, B] >2 44 < (AA)2 >< (AI_S,)2 >>0
A BRT 2
< (AA)2 >< (AIEA'))2 >> _<IAB]>"
Ininequality of < DTD >>0, < (AA)? >and < (AB)? > are real,
thus < [A, B] > is a imginary.

A BT 2
< (AA)2 >< (AEAS)2 >2@

or simply |AAAB >

<A, B] >
2

The minimum fluctuation condition is AAAB = M

which is called “minimum uncertainty state”.

ex) Position and momentum of a photon in a plane-wave pulse

o X
T e (il > dx

X1

with y(x) = Ael (el




{ position operator: X = X

~ ho
momentum operator: p = T&

Suppose that (Xp — pX) is acted on an arbitrary function f(x)

.............................. , ho h o al d d
R L T xé‘( d_f+f>l =|hf
!
£p — PR = ih

Schrédinger equation

So far, we have discussed about what is a quantum state and how to express it.
A next issue will be how they evolve in time, which is described in this section.

The time evolution of a quantum state in a closed system follows the Schrédinger equation.

d ~
ih— ¥ () >=H|¥(@®) > Schrodinger equation

25

whereH is an operator representing the energy of a quantum system, which is called “Hamiltonian”,

and has energy eigenvalues and energy eigenstates.

o

Hamiltonian energy eigenvalue

H | &n >=Ep | dn > atomic

l ] nucleus

energy eigenstate

Orbit state of electrons <> energy eigenstate

~

Energy of electrons in an orbit <> energy eigenvalue

o — ————— — — —

Let us see the time evolution in some particular cases.
In case when a quantum state initially in one of energy eigenstates;
W) > gy > —> V(@) >=e g, >

@ubstitute Y(t) into the left side of Schrddinger eq.

Substitute ‘W(t) into the right side.

HIW(t) >= e "Ent/hH| ¢, >= e Ent/RE | ¢, >

0 Jd . iE, _. ;
ihop [W(O) >= ihor e Fntlh|gy >= —ih—=e /Ny >= Epe™nt/b|g, >

\
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(left) = (right), thus P'(t) is a solution of Schrodinger eq.
The state at time t is equal to the initial state with some phase.

Because the overall phase does not matter for the state condition, we can say the quantum system
holds the initial state.

A next situation is that the initial state is super-positioned over several energy eigenstates.
|'W(0) >=2cn 4y >
n
Each eigenstate evolves in time as |¢, >— e~Ent/R|¢, >

Therefore, |¥(t) >= Z e Bt/ | p, > A quantum state temporally changes.

n

ﬂbstitute P (t) into the left side of Schrédinger eq. \

0 0 : iE, . .
ih [W(0) >= ih= ) e Bt/ g, > = —ih ) —Ee it/ > = 3" F it/ >
n n n
Substitute W(t) into the right side. ‘

AW >= HZ emiEnt/h| gy > — z e~ IEnt/RE 1 >
” l

o
\_

H is invariant of t.
energy conservation

J (left) = (right)

_/

Ex)

birefringent medium (the refractive index is different of |H> and [V>)

A~ -8 |-

. W > L geiMko? | 5 4eMKo? |y 53
¥ >=(H>+|V>) V2
J2 in Koz .
e 0 iAnkqz
- {H > +enkoZ [/ 5}

V2

att. I

#(0)> = H>

| P >=e!™koZ | 4 >




Heisenberq picture

27
There is another way to describe the motion of a system, which is called “Heisenberg picture”.
Schrodinger equation can be formally solved as
9] ~ N
ih— [P >= AP > —> [¥() >=exp[— (i/MHL]|¥(0) >
The expectation value of a physical quantity A is given by
<W()|A|W(t) >=< W(0)|exp[ (i/h)HTt]Aexp[ — (i/h)Ht]|¥(0) >
Here, we define the following time-dependent operator.
Ay (t) = exp[ (i/R)Htt]dexp[ — (i/h)Ht] (note: AT =H )
. . ti lled “Hei tor”
Then, the expectation value is expressed as (sometimes called “Heisenberg operator”)

<W(t)| Al W(t) >=< (0) | Ay (®) | (0) >

This expression suggests that an expectation value can be obtained by
(i) evaluating a time-dependent physical quantity operator Ay (t), then
(ii) evaluating the expectation value of Ay (t) with respect to the initial state |¥(0)>.

For calculating A|-| (t), the following differential equation is available.

%AH (1') _ %{ei(ﬁ/h)tAei(H/h)t}

= iﬁei(ﬁ/ﬁ)t[ie—i(ﬁ/h)t _ iei(ﬁ/h)tAﬁe_i(ﬁ/h)t
h

i -
= —HAy - - Ay

=
:*EIN.

= %[H AL 0] Heisenberg equation (of motion)

In the Chapter discussing optical amplifier noise, we will fully utilize Heisenberg equation.



